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CHAPTER I 
INTRODUCTION
Since th e  t im e  o f  t h e i r  d iscovery in 1947, much work has gone 
in to  in v e s t ig a t in g  th e  behavior o f  pions under strong in te r a c t io n s  
and weak (decay) in te r a c t io n s .  Although th e  e lectrodynam ic  p ro p e r t ie s  
o f  th e  charged pions have been used in th e  o rd in a ry  ways f o r  d e te c t io n  
and f o r  measurement o f  k inem atica l p r o p e r t ie s ,  very l i t t l e  has been 
done t o  In v e s t ig a te  p u re ly  e lec tro m ag n etic  in te ra c t io n s  as a method 
f o r  studying th e  e le c tro m a g n e t ic  p ro p e r t ie s  o f  these p a r t ic le s  and fo r  
t e s t in g  quantum e lectrodynam ics  in th e  extreme r e l a t i v i s t i c  reg ion .
In o rd e r  to  t e s t  th e  v a l i d i t y  o f  quantum e lectrodynam ics in such ex­
perim ents i t  is f i r s t  necessary to  have th e o r e t ic a l  expressions f o r  
th e  cross sec tio n s  involved which a c c u ra te ly  represent th e  p re d ic ­
t io n s  o f  quantum e lec tro dynam ics . O therw ise , the  experiments w i l l  
m erely be t e s t in g  th e  v a l i d i t y  o f  th e  approximations invo lved . Charge 
s t r u c tu r e  in v e s t ig a t io n s  are  a lso  dependent on the  e x is ten ce  o f  ac­
c u ra te  th e o r e t ic a l  cross sec tio ns  as p red ic ted  by quantum e le c t r o d y ­
namics f o r  th e  processes invo lved , w ith  th e  p a r t ic le s  considered as 
p o in ts ,  as well as upon the  v a l i d i t y  o f  quantum e lectrodynam ics il in  
th e  extreme r e l a t i v i s t i c  reg ion .
Types o f  c o l l i s i o n  experim ents which can be used f o r  such
in v e s t ig a t io n  a re  s e v e re ly  l im i te d  by th e  n e c e s s ity ,  using present
experim ental techn iqu es , o f  an e s s e n t ia l l y  s ta b le  t a r g e t  p a r t i c l e .
The sh o rt  mean l i f e  o f  th e  pion (2 .5 5 * 1 0  ® sec) p r o h ib i ts  i t s  use
as a t a r g e t  and hence fo rces  experiments in v o lv in g  pions d i r e c t l y
t o  be done by using pions as th e  in c id e n t  p a r t i c l e s .  Thus, the
ideal method fo r  s tudying such e le c tro m a g n e t ic  p r o p e r t ie s ,  t h a t  o f
e le c t ro n  s c a t te r in g  from p ion s , is e l im in a te d .  Th is  method has been
used in mbst e le c tro m a g n e t ic  s t r u c tu re  in v e s t ig a t io n s  o f  s ta b le
p a r t ic le s  such as th e  nucleon. The most lo g ica l remaining method
f o r  accomplishing such in v e s t ig a t io n s  fo r  th e  unstab le  pion is t h a t
o f  pion s c a t te r in g  by atomic e le c t ro n s .
The cross s e c t io n  f o r  p io n -e le c t ro n  e l a s t i c  s c a t te r in g  was
c a lc u la te d  in th e  f i r s t  Born approxim ation by B h a b h a ^ a n d  in th e
lowest o rd e r  quantum e le c tro d y n a m ic a l ly  using Feyman techniques by 
( 2 )S a lecke r  w ith  id e n t ic a l  r e s u l t s .  Since the  lowest o rd e r  in t h is  
process is o n ly  th e  second o rd er  in th e  e lec tro m ag n e t ic  f i e l d ,  i t  is  
p o ss ib le  t o  o b ta in  a th e o r e t ic a l  cross sec tio n  which a c c u ra te ly  re ­
presents  th e  p re d ic t io n s  o f  quantum electrodynam ics in t h is  o rd e r .
At p re s e n t ly  a v a i la b le  energ ies  a lowest o rd e r  c a lc u la t io n  is ex -
( 2 )pected to  g iv e  r e l i a b l e  r e s u l ts
P io n -e le c t ro n  s c a t te r in g  has been s tud ied  e x p e r im e n ta l ly  
by A l la n  in a bubble chamber experiment using 16 BeV pions.
Agreement was found w ith  th e  th e o r e t ic a l  p o in t  p a r t i c l e  p re d ic t io n s
a t  small momentum t r a n s f e r s ,  but a t  la rg e  momentum t r a n s f e r s  th e  
cross se c t io n  was found t o  decrease from t h a t  p re d ic te d  fo r  p o in t
p a r t i c i e s ,  as i t  should i f  th e  pion is  an extended charge. However,
small s t a t i s t i c s  a t  la rg e  momentum t r a n s fe r s  p ro h ib i te d  d e f i n i t e  
conclus ions about pion s t r u c t u r e .
E le c t r o n -p o s i t io n  p a i r  production  by h igh -energy  pions pro­
v ides  one o f  the  most d i r e c t  methods f o r  studying  e le c tro m a g n e t ic  
p r o p e r t ie s  o f  p ions. U n fo r tu n a te ly  t h i s  process is  fo u r th  o rd e r  in 
th e  e le c tro m a g n e t ic  f i e l d  in th e  lowest o rd e r  and hence cross s ec t io n  
c a ic u la t io n s  a re  very  co m p lica ted . Several a ttem pts  fhpW 141 have 
been made t o  c a lc u la t e  t h i s  cross s e c t io n ,  but a l l  th e  c a lc u la t io n s  
have employed approximate methods due to  th e  com p lex ity  o f  th e  c a lc u ­
la t io n .  Murota e t  aj_. have made th e  most thorough c a lc u ia t io n  to  
date  f o r  sp in  in c id e n t  p a r t i c l e s .  T e rnovsk ii  has re c a lc u la te d  t h is  
cross s e c t io n  in a d i f f e r e n t  manner than t h a t  used by Murota e t  a l . ,
c o n s id er in g  both sp in  0 and spin % p a r t i c l e s .  H is  is  th e  o n ly  p re ­
s e n t ly  a v a i la b le  c a lc u la t io n  which considers  spin  0  p r im ary  p a r t i ­
c le s .  The re s u l ts  o f  these  two c a lc u la t io n s  g iv e  cross sec tio n s  
d i f f e r i n g  by on ly  a few per cen t a t  th e  energy o f  in t e r e s t  in t h is  
work. Due t o  th e  approxim ations made in c a lc u la t io n ,  these  th e o re ­
t i c a l  r e s u l ts  a re  o f  q u es t io n ab le  and unknown r e l i a b i l i t y  in the  
energy regions which a re  o f  in t e r e s t  in t h is  experim ent. Thus e x p e r i ­
ments a t  present a re  more l i k e l y  t o  be t e s t in g  th e  c a lc u la t io n s  I ap­
p roxim ations r a th e r  than th e  un derly ing  th e o ry .  I t  is o f  importance  
t o  know whether o r  not th e  present th e o r e t ic a l  cross s e c t io n  '
c a lc u la t io n s  a re  v a l id  s ince  no serious charge s t r u c t u r e  o r  quantum 
electrodynam ics  in v e s t ig a t io n s  a t  small d is tan ces  can be made using  
t h i s  process u n t i l  r e l i a b l e  c a lc u la t io n s  e x i s t .  The absence o f  e x p e r i ­
mental agreement would in d ic a te  th e  need f o r  more ac c u ra te  c a lc u la t io n s .
The p a i r  p rodu ctio n  process has been in v e s t ig a te d  experim ent­
a l l y  in two sep ara te  n u c lea r  emulsion experim ents using 16 BeV p r i ­
mary pions^i^"' R esu its  obta ined  a re  not in disagreem ent w ith
T e r n o v s k i i 's  t h e o r e t ic a i  p r e d ic t io n s ,  a lthough small s t a t i s t i c s  are  
involved in each case . D e f i n i t e  conclus ions about th e  v a l i d i t y  o f  
th e  t h e o r e t ic a i  r e s u l t s  a re  not p o ss ib le  from th ese  experim ents .
In th e  p resen t in v e s t ig a t io n  th e  e le c tro m a g n e t ic  p ro p e r t ie s  
o f  pions a re  examined by s tudying  e le c tro m a g n e t ic  in t e r a c t io n s  o f  
16.2 BeV pions in n u c lea r  em ulsion. Both e l a s t i c  s c a t te r in g  o f  
pions on e le c t ro n s  (knock-on e le c t ro n s )  and d i r e c t  p rod uction  o f  
e le c t ro n  p a irs  by in te r a c t io n  o f  th e  pions w ith  emulsion n u c le i  a re  
co nsidered . Comparison is made w ith  a v a i l a b l e  t h e o r e t ic a l  c a lc u la ­
t io n s .  With th e  amount o f  data a v a i la b le  in th e  presen t experim ent  
i t  is  not p o ss ib le  to  draw d e f i n i t e  conclusions about small cross  
se c t io n  c o r re c t io n s  such as charge s t r u c tu r e  e f f e c t s .  However, th e  
accuracy is  s u f f i c i e n t l y  good to  perm it a t e s t  o f  th e  o v e r a l l  cross  
s e c t io n  c a lc u ia t io n s .  The t h e o r e t ic a l  d i f f e r e n t i a l  cross s e c t io n s  
f o r  p io n -e le c t ro n  s c a t te r in g  and d i r e c t  p a i r  production  by pions a re  
considered in d e t a i l .  Approximations and methods o f c a lc u la t io n  
used in th e  d e r iv a t io n  o f  these cross s ec t io n s  a re  cons id ered . The 
r e l i a b i l i t y  o f  th e  th e o r e t ic a l  r e s u l ts  is  d iscussed.
CHAPTER I I
HIGH ENERGY PION-ELECTRON ELASTIC SCATTERING 
In tro d u c t io n
P ion -ed ectro n  e la s t i c  s c a t te r in g  provides the  most d i r e c t  
method f o r  studying th e  e lec tro m ag n e tic  p ro p e r t ie s  o f  th e  pion as 
well as f o r  t e s t in g  quantum e lectrodynam ics a t  small d is ta n c e s .  Due 
to  th e  la rge  mass o f  th e  pion (2 7 3 .2 6  tim es th e  mass o f  th e  e le c t ro n )  
only  a small f r a c t io n  (= 1 /2 7 3 )  o f th e  pion lab energy is  e f f e c t i v e  in 
the c e n te r  o f  mass system. In a d d i t io n ,  cross sec tio n  measurements 
o f p io n -e le c t ro n  s c a t te r in g  in emulsion a re  hampered by d i f f i c u l t y  in 
o b ta in in g  high e f f i c i e n c y  in event lo c a t io n ,  e s p e c ia l ly  a t  low ener­
g ies  (<150 MeV). Such d i f f i c u l t i e s  can be p a r t i a l l y  overcome by c a re ­
fu l scanning e f f i c i e n c y  a n a ly s is .  H igher energy in te r a c t io n s  a re  
located w ith  b e t t e r  e f f i c i e n c y ,  but such in te ra c t io n s  have very  small 
cross se c t io n s .
T h e o re t ic a l  C a lc u la t io n s  
Cross Sections
One o f  th e  f i r s t  d e r iv a t io n s  o f  a d i f f e r e n t i a l  cross sec t io n  
f o r  th e  process o f  charged p a r t i c l e  s c a t te r in g  on e le c t ro n s  was by 
Bhabha^*^ in 1936. This  c a lc u la t io n  was c a r r ie d  out w ith  both the
in c id e n t  p a r t i c l e  and e le c t ro n  considered as p o in t  p a r t i c l e s .  The
express ion .w hich  was obtained fo r  th e  d i f f e r e n t i a l  cross sec tion
t 6 r  th e  p ro du ction , by a high energy, charged, spin 0  p a r t i c l e ,  o f
an e le c t ro n  o f  energy in th e  energy range corresponding to  th e
in te rv a l  d l  between T and I  + d l  is *  e e e e
) ï F î "
Y^-l ^ * "'e
where
e = charge o f  e le c t r o n ,  
r^ = e^/nig, th e  c la s s ic a l  e le c t ro n  ra d iu s ,
= t o t a l  energy o f in c id e n t  p a r t i c l e ,
Tg = k in e t i c  energy o f  th e  s c a t te re d  e le c t r o n ,
Y = En^/mn,
= mass o f  in c id e n t  p a r t i c l e  ( p io n ) ,
= e le c t ro n  mass,
T = maximum k in e t ic  energy which can be t r a n s fe r r e d  to  
t h e  t r e e  e le c t r o n .
Th is  expression can be in te g ra te d  to  o b ta in  th e  t o t a l  cross
s ec tio n  f o r  th e  production  o f  s c a tte re d  e le c t ro n s  w ith  t o t a l  en erg ies
between E . and E , th e  upper and lower l im i t s  o f  th e  t o t a l  e le c t ro n  mi n max
energy region o f  in t e r e s t  (T^=Eg). The in te g ra te d  r e s u l t  is
X l n ( - ~ i )  
min
A u n i t  system is used throughout t h i s  work in which"# = c = I
The cross s e c t io n  f o r  t h i s  process was l a t e r  d er ived  by 
( 2 )S a le c k e r  who, using th e  Feynman fo rm u la t io n  o f  quantum e le c t r o ­
dynamics, ob ta ined  r e s u i t s  in e x c e l le n t  agreement w ith  Bhabha’ s c a l ­
c u la t io n s .  F o i iowing S a ie c k e r ’ s t re a tm e n t  i t  is p o s s ib le  t o  d e r iv e  
th e  lowest o rd e r  term f o r  t h i s  cross se c t io n  by co n s id erin g  th e  
Feynman graph
X
S
where
F ig .  i .  Feynman diagram f o r  p io n -e le c t ro n  e l a s t i c  s c a t te r in g .
 = pion i i ne,
= photon I i ne,
   e le c t ro n  l in e ,
P, P ’ = i n i t i a l ,  f i n a l  four-momentum o f  th e  p ion ,
p, p ’ = i n i t i a l ,  f i n a l  four-momentum o f  th e  e le c t r o n ,
q = four-momentum t r a n s f e r r e d  t o  th e  s c a t te re d  e le c t r o n ,
= P -  P ’ = p ’ -  p.
Using th e  standard Feynman ruhes which can be found in t e x ts  
on quantum f i é i d  th e o ry  th e  m a tr ix  eiement f o r  t h i s  diagram
can be c o n s tru c te d .  A f t e r  in te g ra t in g  over q , th e  four-momentum of  
th e  t r a n s fe r r e d  v i r t u a l  photon, th e  m a t r ix  element becomes
< f |M l i>  = + ie fZ n  - L  (P + P ' )  V^ ’ '^(p’ )Y v“ '~ ( p )  ,I I  _  ^2  Ji P '
where
v ^ '^ (p )  = D ira c  sp in o r so lu t io n  t o  D ira c  equation  w ith
E = / | p p  + rr)| >0, V = générai spin index 
= I , 2  ( a , 3 a b o v e ) ,
(p )  = D ira c  sp in o r  s o lu t io n  t o  D ira c  equation
w ith  E = + iT^  <0 ,
V  = = a d jo in t  s p in o r ,  whèré t r é p t e s ë n t s : Harmitean
c o n ju g a t io n ,
Yo, 3 = I , 2 , 3 , 4  = D ira c  m a tr ic e s  (s tan d ard )
p
Thus, s ince
then
|m |2 = < f  |m | i x f  |m | i>^ \
|Mj2 = e ‘*(27r)2(P + P* v ^ ' ' * ' { p ' ) y “ ' " ( p ) v “ ' ‘^(p)Y^^v^'‘ ( p ’ ) (P  + P')^
An average over th e  i n i t i a l  sp ins and a sum over th e  f i n a l  spins  
(o n ly  th e  e le c t ro n s  have sp ins) leads to
|M | 2  = (p + p ' )  '
' ' 2 w q4 mr
e
X T rC Y y P Y y P ' +  V y P ^ ü )  +  P ' > w '
where p = y^ ^  •
•The a p p l ic a t io n  o f  severa l theorems (1 7 ,  18) concerning y 
m a tr ic e s ,  t h e i r  p rodu cts , and t r a c e s  o f  products o f  y m atr ices  and 
h a t vec to rs  (p ,  e t c . ) ,  y ie ld s
|M|2 = 16*2 - ^ r ^ ^ ( p ' P ) ( p P )  + ( p 'P ) ( p P ' )  + (p 'P ^ (p P )
t  (p 'P * ) (p P ')  -  ( p 'p ) ( P 'P )  -  m  ^ ( p 'p )  t  mg(PP') + m V ] ,
where
-± #
(pP) = -  P 'P  + p ^ P ^ (4 -v e c to r  sscaillar p ro d u c t) .  .
*
The m e tr ic  used is g . .  = ( - 1 ,  - I ,  - I ,  +1 )-
This  q u a n t i ty  is re la te d  to  th e  d i f f e r e n t i a l  cross sec tio n  f o r  th e  
process by ,3 ,
do = 5^(p + P -  p' - P '  )
where
Iv |  = magnitude o f  r e l a t i v e  v e lo c i t y  o f  in c id e n t  and 
t a r g e t  p a r t i c l e s ,
= ( | p p  + m2 )% ( i n i t i a l  pion e n e rg y ) ,
E' = ( | p ' p  + ( f i n a l  pion en e rg y ) .
Eg = energy o f  f in a l  e l-ectron .
Eg = energy o f  i n i t i a l  e le c t r o n ,
6 ** = 4-dim ensional d e l ta  fu n c t io n .
Using th e  k inem atics  o f  th e  s c a t te r in g  process, Sa lecker ob­
ta in e d  th e  cross sec tio n
2 ïïr^mg y 2 ( y - D T e  '"ir y - l  ^e , -|,r- _ \
■ % l r ' -  n [ I  -  TTeT v  -  Î 7
Th is  is  th e  d i f f e r e n t i a l  cross se c t io n  f o r  production  o f  
knock-on e le c t ro n s  w ith  a t r a n s f e r  o f  energy between T^ and Tg + dTg,
where
Tg = k in e t ic  energy t r a n s fe r r e d  in th e  process,
E^-m^ = k in e t ic  energy o f  th e  in c id e n t  p a r t i c l e  ( p io n ) ,  
Y = E^/m,,
E ,m = energy, r e s t  mass o f  c o l l i d in g  p a r t i c l e  in th e  
^ ^ Iab frame ( p io n ) .
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The four-momentum t r a n s f e r  f o r m -  e s c a t te r in g  is
q2 = (p  - p ' ) 2  = (p -  p ' ) 2  ,
P = (0,m ) = ( P . P . ) ( n o t â t ion fo r  3 -v e c to r  and fo u r th  e ■ 4
components o f  a 4 -v e c to r )  ,
P ’ = ( p ’ , E g )  ,
= (P ^ ,T g ) ^  »
q2 = i  ,
q^ = -  2m .
The d i f f e r e n t i a l  ir -  e s c a t te r in g  cross sec tio n  as g iven by
S alecker is p lo t te d  in F ig ure  2 .
The in te g ra te d  or  t o t a l  cross se c t io n  f o r  e l a s t i c  p io n -
e le c t ro n  s c a t te r in g  w ith  s c a t te re d  e le c t ro n s  having t o t a l  energ ies
between E . and E as obta ined  from S a le c k e r 's  d i f f e r e n t i a l  cross  mm max
se c t io n  is
A histogram f o r  th e  in te g ra te d  cross se c t io n  is g iven in F igures  
3 and 4 .
KNOCK-ON ELECTRON
DIFFERENTIAL CROSS SECTION (SALECKER)
2000 4000 6000
ELECTRON ENERGY (MeV)
Fig. 2 -  D iffe re n tia l p ion-eiectron e ia s tic  scattering  cross section vs. 
electron energy.
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General Experimental Procedure  
In tro d u c t io n
The experim ental data fo r  t h i s  in v e s t ig a t io n  was obta ined  
from a s tack  o f  f i f t y - f i v e  p e l l i c l e s  o f  I l f o r d  K-5 nuc lear  emulsion, 
these p e l l i c l e s  being o n e - th ir d  o f  th e  51 s tack  from th e  U n iv e r s i ty  
o f C a l i f o r n ia  a t  B e rke ley . Each p e l l i c l e  is  15 cm. long, 7 .5  cm. 
w ide, and had a th ic k n e s s  befo re  processing o f  about 600 microns.
The 16.2 BeV CERN pion beam is in c id e n t  in th e  15 cm. d i r e c t io n .
Before development o f  th e  s tack  a g r id  o f  I mm. squares w ith  
p a irs  o f  c o o rd in a te  numbers was o p t ic a l  I y exposed on th e  bottom of  
each p e l l i c l e .  Since t h i s  g r id  is  in almost e x a c t ly  th e  same p o s i­
t io n  on every  p e l l i c l e ,  i t  is p o ss ib le  t o  fo l lo w  even minimum ion­
iz in g  t ra c k s  from one p e l l i c l e  to  th e  n ex t .  Only th e  bottom la y e r  
o f  emulsion g ra in s  were blackened by th e  g r id  exposure, c r e a t in g  a 
minimum amount o f  obscura tion  o f  t r a c k s  by th e  g r id .
T h is  emulsion s tack  has a r e l a t i v e l y  small background due 
to  random io n iz a t io n .  I t  e x h ib i t s  very  l i t t l e  d is t o r t io n  and few 
f la w s .
The p a r t i c l e  beam co n ten t is ^90^ n egative  p ions, most of  
th e  remaining 10^ being muons. For th e  in te ra c t io n s  o f  t h t e r e s t  
in t h i s  work, th e  behavior o f the  muon is not g r e a t ly  d i f f e r e n t  from 
t h a t  o f  th e  p ion . Spin c o n s id e ra t io n s  produce o n ly  small d i f fe r e n c e s .
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Most o f  th e  d i f f e r e n c e  occurs due to  th e  mass d i f f e r e n c e ,  which is  
f r a c t i o n a l l y  small in t h is  case. Thus, th e  e f f e c t  o f  t h is  beam con­
ta m in a t io n  should be small f o r  our c o n s id e ra t io n s .
Equ i pment
General purpose measurements and s c a t te r in g  measurements were 
done m ostly on two microscopes which a re  a combination o f  commercial 
L e i t z  W etz la r  o p t tc s  and a t r a v e l in g  stage b u i l t  in th e  physics de­
partment machine shop a t  th e  U n iv e r s i ty  o f  Oklahoma. The o p t ic s  in ­
c lude O rtho lux b in o c u la r  microscope heads. The stage on which th e  
o p t ic s  a re  mounted has two-dimensional motion in a p lane perpendicu­
la r  to  th e  o p t ic  a x is  w ith  t r a v e l  o f  18% cm. in one d i r e c t io n  and 14 
cm. in a p e rp e n d ic u la r  d i r e c t io n .  The emulsion p la t e  ho lder is  de­
signed to  a l lo w  r o t a t io n  o f  th e  emulsion under th e  microscope. T h is  
fe a tu r e  s im p l i f i e s  and improves many measurements s ince  any t r a c k  can 
be ai igned w ith  e i t h e r  d i r e c t io n  o f  t r a v e l  o f  th e  s tag e .
The stages o f  these microscopes were c a r e f u l l y  constructed  
to  e l im in a te  s tage n o ise , i . e . ,  to  insure t h a t  motion in one d i r e c t io n  
is  as n e a r ly  l in e a r  as p o s s ib le .  One microscope has s u f f i c i e n t l y  low 
stage noise to  a l lo w  measurement.of p a r t i c l e  momenta in th e  BeV range  
by th e  m u l t ip le  Coulomb s c a t te r in g  method. The low noise level was 
obta ined  by changing an o rd in a ry  d o v e ta i l  way system to  one in which 
s l id in g  c o n ta c t  between ways was m aintained on o n ly  one s id e ,  th e  
c o n tra c t  being m ainta ined  by two sp r in g -lo ad ed  t e f l o n  plugs s l id in g  
on th e  way on th e  o th e r  s id e .  These ways were machined and lapped
w ith  extreme p re c is io n .  I t  was a ls o  found necessary to  mount th e  
d r iv e  screw in a manner such t h a t  i t  could impart no la te r a l  motion  
to  th e  s tag e .
Although th e  I mm. p i tc h  screw d r iv e  is  c a l ib r a te d  in microns, 
th ese  microscopes a re  a ls o  equipped w ith  p re c is io n  micrometer d ia ls  
(Ames gauges) to  a l lo w  more accu ra te  measurement o f  d is tances  along  
th e  two d i r e c t io n s  o f  stage m otion. The micrometers a re  c a l ib r a te d  
in m icrons.
V e r t ic a i  d isp lacem ents a re  measured wTth th e  micrometer on 
th e  f i n e  focus o f  th e  microscope (a ls o  c a l ib r a te d  in m icro ns).
A commercial L e i t z  W e tz la r  Ortho lux b in o cu la r  microscope  
w ith  t r a v e i l i n g  stage is  a ls o  a v a i la b le .  Since t h i s  stage is  in f e r ­
io r  t o  those on th e  microscopes described above, t h i s  microscope was 
not used f o r  general measurements. However, t h i s  microscope has exr  
cel le n t  r ig i d i i - y ,  which is  des ired  in making f  ixed p o s it io n  measure­
ments. Since th e  f i n e  focus mechanism and v e r t ic a l  stage motion o f  
t h i s  microscope a re  s u p e r io r  to  those on th e  o th e r  microscopes, t h i s  
microscope was used f o r  a l l  c r i t i c a l  measurements in th e  v e r t ic a l  
d i r e c t io n .  Heat absorbing g lass  was placed between th e  emulsion and 
th e  l i g h t  source when making such measurements to  reduce thermal ex­
pansion o f  th e  emutsion.
A Spencer b in o c u ia r  microscope mounted on an o rd in a ry  dove­
t a i l  s tage is  used f o r  scanning. An e l e c t r i c  motor d r iv e  has been 
a ttach ed  to  t h i s  microscope stage to  a l lo w  uniform motion in th e  
d i r e c t io n .  T h is  d r iv e  c o n s is ts  o f  a v a r ia b le  speed gear system w ith
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a rubber b e l t  d r iv e  attached t o  a 9 .5  r .p .m .  synchronous motor which 
developes a to rque  o f 40 in . o z .  T h is  is a r e v e r s ib le  system, w ith  
fo o t  arid hand c o n t r o ls ,  whose speed can be v a r ie d  from one to  ten  
r .p .m .  (g iv in g  scanning speeds from I mm. to  I cm. per m in u te ) .
A l l  o f  th e  microscopes were mounted on a 30 f t .  by 3 f t .  by 
3 in .  co n cre te  t a b le  supported by padded concre te  blocks on a con­
c r e te  f lo o r  ®n th e  basement o f  th e  physics b u i ld in g .  T h is  i n s t a l l a ­
t io n  provides good s t a b i l i t y  a g a in s t  v ib r a t io n s .
The room in which the  emulsion work is  done is  kept a t  ap­
p rox im ate ly  72®F. and 60^ r e l a t i v e  h um id ity , t h i s  c o n d it io n  being  
m ainta ined  by th e  use o f an in te g ra te d  cool in g -h e a t in g -h u m id ify in g -  
dehum id ify ing  system. These c o n d it io n s ' were m aintained t o  keep the  
emulsion a t  th e  same th ickn ess  and to  keep th e  microscopes a t  con­
s ta n t  tem pera tu re .
AM measurements were done w ith  blue f i l t e r e d  l i g h t .  Th is  
g ives  th e  double advantage o f v is u a l  com fort and a sho rt  wavelength  
o f l ig h t  f o r  b e t t e r  re s o lu t io n  o f  small o b je c ts .
L e i t z  W e tz la r  eyepieces and o b je c t iv e s  were used w ith  the  
microscopes fo r  a l I  c r i t i c a l  measurements. Eyepieces used were 
L e i t z  p e r ip la n  GF lOX, I5X , and 25X. O b je c t iv e s  used were L e i t z  
lOX, numerical a p e r tu re  0 .2 5 ,  f o r  general lo c a t io n  work; L e i t z  53X 
o i l  immersion, numerical a p e ra tu re  0 .9 5 ,  1000 micron working d is ­
tance; K o r is tka  55X o i l  immersion, numerical a p e r tu re  0 .9 0 ,  working 
d is tan ce  3500 microns; L e i t z  iOOX o i l  immersion f l u o r i t e  apochro- 
mat, numerical a p e r tu re  1 .32 , 370 microns working d is ta n c e ;  L e i tz
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piano IOOX o i l  immersion apochromat, numerical a p e r tu re  1 .32 , 370 
micron working d is ta n c e ;  K o r is tka  IOOX o i l  immersion, numerical 
a p e r tu re  i . 2 5 ,  530 micron working d is ta n c e .  Various o th e r  eyepieces  
and o b je c t iv e s  were a v a i ia b ie  but were used in f r e q u e n t ly .
The IOOX L e i t z  piano and f l u o r i t e  o b je c t iv e s  have an a i most 
un detec tab le  c u rv a tu re  o f  f i e l d  w h ile  th e  s im i l a r  K o r is tka  IOOX ob­
j e c t i v e  has a q u i te  pronounced c u rv a tu re  o f  f i e l d .  Thus, most c r i ­
t i c a l  measurements were made using th e  L e i t z  o b je c t iv e s  in combina­
t io n  w ith  th e  I OX eyep ieces . With th e  in h eren t body-tube m a g n if ic a ­
t io n  o f v i . 2 5 X ,  t h i s  g ives  a t o t a i  m a g n if ic a t io n  o f  I250X, which is  
about th e  maximum usabie m a g n if ic a t io n  f o r  o p t ic a l  microscopes. For 
iess c r i t i c a l  measurements, th e  53X L e i t z  o b je c t iv e  was used w ith  
I OX eyep ieces . Most o f  th e  scanning work was done w ith  Compens i 5X 
eyepieces in combination w ith  a 55X K o r is tk a  o b je c t iv e .
A L e i t z  W e tz la r  screw -type eyep iece micrometer was used fo r  
measuring small d is tan ces  w ith  extreme accuracy. The measuring: por­
t io n  o f  th e  m icrometer c o n s is ts  o f  a cross h a i r  capable  o f  motion  
aiong a scà le  w ith  tw e lv e  d iv is io n s .  Th is  cross h a i r  motion is  con­
t r o l l e d  by a hand-operated drum, each complete tu rn  o f  which moves 
th e  cross h a i r  through one d iv is io n  on th e  s c a ie .  In herent s e t t in g  
accuracy o f  th e  m icrometer cross h a i r  is  j ^ O . I  drum d iv is io n ,  o r  
0.001 sca le  d iv is io n .  For measuring less c r i t i c a l  d is tances  in a 
f ix e d  f i e l d  o f  v iew , a c a l ib r a te d  eyep iece r e t i c l e  was used.
An eyep iece goniom eter, manufactured iriirthe physics shop, was 
used f o r  measuring a n g ie s .  T h is  instrum ent c o n s is ts  o f a f o t a t i n g
p o r t io n  graduated in degrees-and a f ix e d  v e r n ie r  which a l lo w s  measure­
ment to  th e  nearest minute o f  a rc .  The r o t a t in g  p o r t io n  rep laces  th e  
re g u la r  eyepiece tube on th e  microscope, a l lo w in g  th e  eyepiece and 
cross h a i r  to  be r o t a t e d .
Scanning Procedure
In o rd e r  to  make cross s ec t io n  measurements on in te r a c t io n s  
in n uc lea r  emulsion i t  is necessary to  s y s te m a t ic a l ly  lo ca te  the  
des ired  in te r a c t io n s .  Since most analyses a re  s t a t i s t i c a l  and hence 
dependent on la rge  numbers o f  in te ra c t io n s  o f  th e  same ty p e ,  i t  is  
necessary to  use a scanning method which insures t h a t  la rg e  numbers 
o f  events can be located in a manner to  à I lo\l/l d é te rm in â t  ion o f  th e  
mean f r e e  pa th . In t h i s  experim ent t h i s  was done by c a re fu l  and 
system atic  scanning along th e  t ra c k s  o f  many beam p ions . The p o s i­
t io n  in th e  emulsion o f  each beam t r a c k  used in th e  a n a ly s is  was 
c a r e f u l l y  recorded in o rd e r  to  present d u p l ic a te  scanning and to  en­
a b le  t r a c k  r e lo c a t io n  a t  any fu tu r e  t im e .  These t ra c k s  were then  
fo llow ed  u n t i l  th e  p a r t i c l e  e i t h e r  in te ra c te d  o r  l e f t  th e  emulsion. 
Most o f  the  tra c k s  which d id  not in t e r a c t  t ra v e rs e d  th e  e n t i r e  
length  o f  th e  em ulsion. The p o s i t io n  and n a tu re  o f  each in t e r a c t io n  
was c a r e f u l l y  recorded.
The scanning was done s p e c i f i c a l l y  to  lo ca te  e le c tro m a g n e t ic  
in t e r a c t io n s .  Since these in te r a c t io n s  a re  u s u a l ly  o f  low energy re ­
l a t i v e  to  th e  energy o f  th e  in c id e n t  p a r t i c l e ,  they  a re  seldom accom­
panied by a n o t ic e a b le  d i r e c t io n  change o f th e  prim ary p a r t i c l e .  This  
makes such in te r a c t io n s  d i f f i c u l t  to  lo ca te  s ince  t h e i r  lo c a t io n  is
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e n t i r e l y  dependent upon seeing th e  minimum io n iz in g  secondary tra c k s  
w ith o u t  th e  a id  o f  a pion d i r e c t io n  change. Due to  th e  f a c t  t h a t  
most secondary t ra c k s  d ip ,  i . e . ,  they  a re  not pe rp en d icu la r  to  the  
l in e  o f  s ig h t ,  th ey  w i l l  leave th e  focal plane s h o r t ly  a f t e r  the  in ­
t e r a c t io n  p o in t ,  and some of th e  events w i l l  escape d e te c t io n .
Scanning was th e r e fo r e  done a t  a slow r a te  in o rd er  t o  lo ca te  th e  
maximum p o ss ib le  number o f  these even ts .  The o r ig in a l  scanning ra te  
o f  about 14 cm. per hour was l a t e r  increased to  22 cm. per hour.
A r e l a t i v e l y  low m a g n if ic a t io n  o f  825X was used fo r  scanning 
( th e  in heren t tube m a g n if ic a t io n  o f  th e  Spencer scanning microscope 
is  u n i t y ) .  T h is  m a g n if ic a t io n  is  accompàihièd by a g re a te r  depth of  
f i e l d  than the  h igh er powers used f o r  measuring, and hence provides  
an improved p r o b a b i l i t y  o f  f in d in g  e lec tro m ag n e tic  in te ra c t io n s .
H igher powers were t r i e d  w ith  u n d es irab le  r e s u l ts ,  both in scanning 
e f f i c i e n c y  and ease o f  scanning.
The average pion beam d ivergence in t h i s  s ta c k  is +5 minutes  
o f  arc  a t  a g iven p o in t  o f  en trance o f  th e  beam in to  th e  emulsion.
A d ivergence o f  approxim ate ly  +8  minutes e x is ts  in th e  beam over th e  
e n t i r e  emulsion a t  th e  entrance p o in t .  Only tra c k s  w ith in  t h is  magni­
tude  o f  d ivergence from the  average beam d i r e c t io n  were scanned. T h is  
method o f  beam t r a c k  s e le c t io n  insures t h a t ,  w ith  a la rge  p r o b a b i l i t y ,  
th e  t ra c k s  scanned a re  beam t ra c k s .
C la s s ic a l  S c a t te r in g
R a d ia t iv e  c o rre c t io n s  to  th e  pion e le c t ro n  s c a t te r in g  process
( 19)a re  n e g l ig ib le  r e l a t i v e  to  experim ental e r r o r  a t  our momentum
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t r a n s f e r s .  P io n -e le c t ro n  s c a t te r in g  can be t re a te d  as p u re ly  e l a s t i c  
s c a t te r in g ,  w i th in  p resent experim ental e r r o r s .  A l l  secondary p a r t i ­
c le s  in t h i s  process a re  charged and hence v i s i b l e  in em ulsion, al-t- 
lowing th e  use o f  conservation  o f  energy and momentum w ith  measurable 
t ra c k s  o n ly .  The energy o f  an e le c t ro n  s c a tte re d  e l a s t i c a l l y  by a 
pion o f  known energy is  com ple te ly  determined by th e  angle  the  
e le c t ro n  d i r e c t io n  makes w ith  the  in c id e n t  pion d i r e c t io n .  T h is  pro­
v ides  a very  convenient and accu ra te  method fo r  measuring th e  energ ies  
o f  s c a t te re d  e le c t r o n s .  Energies can be determined much more accur­
a t e l y  by t h is  method then by th e  o n ly  a l t e r n a t i v e  method, t h a t  o f  
m u l t ip le  Coulomb s c a t te r in g  on th e  e le c t ro n  t ra c k s .  The r e la t io n  be­
tween e le c t ro n  energy, E^, and an g le ,  w, can be derived  using conser­
v a t io n  o f  energy and momentum ( t h i s  is a p lan ar  process s ince i t  is 
a two body i n t e r a c t io n ) .
F ig ure  5
Using th e  energy-momentum con serva tio n  equations t o  e l im in a te  ip and 
P , th e  r e la t io n  obta ined  isTT
MgCEn + + m^Pn^cos^w
® (E_ + m )^ -  P^ cos^w
71 0  TT
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where
Pit »Eir = in c id e n t  pion momentum, energy,
P ^ ,E '  = s c a t te re d  pion momentum, energy,
Pg,Eg = s c a t te re d  e le c t ro n  momentum, energy,
= e le c t ro n  mass,
E  =  ( p ^  +  m ^ ) ^
= ang le  o f  d i r e c t io n  o f  f i n a l  e le c t r o n ,  pion  
r e l a t i v e  to  d i r e c t io n  o f  th e  in c id e n t  p ion.
The graph o f  E^ versus w is  g iven in F ig u re  6 . The maximum 
energy which can be t r a n s fe r r e d  by a 16.2 BeV pion is seen to  occur  
a t  Ü) = 0®, and is  equal t o  7 .4  BeV.
Using t h i s  equation  fo r  E^ i t  is  p o ss ib le  to  o b ta in  th e  
square o f  th e  four-momentum t r a n s f e r  to  th e  e le c t ro n  as a fu n c t io n  
o f  Ü) using
q2 = -  2m (E -  m )^ e e e
T h is  r e s u l t  is  i l l u s t r a t e d  in F ig u re  7 .
By e l im in a t in g  w and P^ from th e  energy-momentum conserva­
t io n  eq u a t io n , i t  is p o ss ib le  to  determ ine i{/ in terms o f E^ as
(m + ) -  m2 + m2 + e2 2(m + E^ )E_ + p /  -  E_
cos* = — - — =— -------------Z--------1----------------------------  : ----------—--------- .
+ E, ) - 2 (m^  + E.,
The secondary pion ang le  is p lo t te d  versus th e  e le c t ro n  
energy and th e  f in a l  pion energy in F igures  8 and 9. The maximum 
d e f le c t io n  o f  th e  pion occurs a t  E^ = 4 .8  BeV and is 12.5 m inutes.
E {«)
5
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ELECTRON SCATTERING ANGLE (DEGREES)
FIg . 6 -  E lectron energy vs. e lectron  sca tte rin g  angle.
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F ig . 7 . Square o f the momentum tra n s fe r to  the e lectron  vs. sca tte rin g  angle o f e lec tro n , w.
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F Ig , 8. Pion sca tte rin g  angle vs. e lectron  energy.
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F Ig . 9 . Pion scattering  angle vs. pion energy.
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Knock-on E le c tro n  Experimental Procedure  
Event Location and Id e n t i f i c a t i o n
Among th e  in te r a c t io n s  lo cated , w h ile  scanning 902 .7  m. o f  
pion beam t r a c k ,  155 high energy (^50 MeV) e l a s t i c  p io n -e le c t ro n  
s c a t te r in g  in te r a c t io n s  (knock-on e le c t ro n s )  were found. These in ­
t e r a c t io n s  have two minimum io n iz in g  secondary t r a c k s .  Knock-on 
e le c t ro n s  a re  c h a ra c te r iz e d  by very s l i g h t  prim ary  pion d e v ia t io n s ,  
w ith  a maximum d e f le c t io n  o f  12.5 minutes o f  a rc  occu ring  a t  a 
s c a tte re d  e le c t ro n  energy o f  4 .8  BeV (F ig u re  8 ) .  Strong in te ra c t io n s  
w ith  two minimum io n iz in g  secondary t ra c k s  having th e  d i r e c t io n  o f  
one o f  th e  secondaries w i th in  1 2 .5 '  o f  th e  prim ary  d i r e c t io n  can be 
e l im in a te d  by comparing th e  energy measured f o r  th e  secondary t ra c k s  
w ith  t h a t  p re d ic te d  from energy-moi%entum co n s e rv a t io n  f o r  e l a s t i c  
s c a t t e r in g .  No such in te ra c t io n s  were found. T h is  is  a n t ic ip a te d  
s ince  o n ly  5 s trong in te ra c t io n s  w ith  two minimum secondary tra c k s  
were found in 514 m. o f  t r a c k ,  none o f  which had a pion d e f le c t io n  
less than 1 .3 * .  Due to  th e  very  small mass o f  e le c t r o n s ( . 5 1 1 MeV), 
even th e  lowest energy e le c t ro n s  considered in t h i s  work a re  ex trem ely  
r e l a t i v i s t i c  and thus produce minimum ( p la t e a u ) *  io n iz in g  t ra c k s  in 
em ulsion. E le c tro n  t r a c k s  a re  d is t in g u is h a b le  from those o f  o th e r  
p a r t i c l e s  due to  th e  very  la rg e  f r a c t io n a l  energy losses o f  e le c t ro n s  
by r a d ia t io n  as compared to  n e g l ig ib le  r a d ia t io n  losses by heav ie r  
p a r t tc le s ^ ^ ^ ^ .  E le c tro n s  o f  any energy lose on th e  average >90% o f  
*
In t h i s  work no d i s t in c t io n  is made between minimum and p la teau  
i o n iz a t io n .
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t h e i r  energy in one r a d ia t io n  length (3  cm. in e m u ls io n ) ,  w h ile  th e  
f r a c t io n a l  energy losses in t h i s  d is ta n c e  f o r  minimum io n iz in g  
h e a v ie r  p a r t ic le s  is very s m a l l .  The e le c t r o n  and p o s itro n  a re  th e  
o n ly  charged p a r t i c l e s  which, when extrem ely  r e l a t i v i s t i c ,  have a 
la rg e  p r o b a b i l i t y  o f  los ing  a s i g n i f i c a n t  f r a c t io n  o f  t h e i r  energy  
a t  one t im e w h ile  passing through m a tte r  and hence o f  changing  
d i r e c t io n  n o t ic e a b ly .  In f a c t ,  t h i s  c h a r a c t e r i s t i c  energy loss and 
v i s i b l e  s c a t te r in g  fo r  reasonably low energy (<600 MeV) e le c t ro n s  is  
so p re d ic ta b le  t h a t ,  a f t e r  examining severa l e le c t ro n s  o f known 
energy, i t  is  p o s s ib le  f o r  one t o  d is t in g u is h  e le c tro n s to a c k s  from 
those o f  o th e r  p a r t i c l e s  In t h i s  energy re g io n .  T h is  f a c t ,  and th e  
knowledge (F ig u re  6 ) o f  th e  energy o f  a knock-on e le c t ro n  f o r  a 
g iven  ang le  o f  emission w ith  resp ect to  th e  prim ary  pion d i r e c t io n ,  
coupled w ith  th e  requ irem ent o f  e s s e n t ia l l y  no pion d i r e c t io n  change, 
enables an a c c u ra te  s e le c t io n  o f  knock-on e le c t ro n  even ts . High 
energy (>600 MeV) knock-on e le c t ro n s  a re  e a s i l y  recognized due t o  th e  
very  small e le c t ro n  ang le  ( < 2 . 2 5 ° ) .  The o n ly  s i g n i f i c a n t  p o s s i b i l i ­
t i e s  f o r  confusion e x is t  in th e  form o f  crossover t r a c k s ,  o r  d iscon­
nected tra c k s  which cross th e  pion by chance, which can u s u a l ly  be 
d is t in g u is h e d  from knock-on e le c t ro n s  even i f  th e  crossed branch is 
not d e te c ta b le ,  and high energy e le c t ro n  p a irs  c rea ted  by th e  pion  
w ith  one t r a c k  escaping d e te c t io n .  For such e le c t ro n  p a ih s , fo u r  o f  
which were found, th e  ang le  o f  th e  v i s i b l e  e le c t ro n  is  such t h a t  the  
p o s s i b i l i t y  o f  th e  event being a knock-on e le c t ro n  can be e l im in a te d  
by measuring th e  energy o f  the  e le c t ro n  by m u l t ip le  Coulomb s c a t te r in g
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and comparing th e  r e s u l t  w ith—t h a t  expected f o r  a knock-on e le c tro n s  
w ith  t h a t  an g le .
Since low energy knock-on e le c tro n s  a re  d i f f i c u l t  to  locate  
w ith  an accep tab le  scanning e f f i c i e n c y ,  i t  was necessary to  a r b i ­
t r a r i l y  employ a lower c u t o f f  o f  50 MeV, corresponding to  an e le c tro n  
ang le  o f  8 ° .  Lower c u to f fs  o f  100 and 200 MeV are  a ls o  discussed.
Three examples o f  th e  knock-on process a re  i l l u s t r a t e d  In the  
photomicrographs in F igure  10, which were taken w ith  a Leica 35 mm. 
camera. Event 1419 has an e le c t ro n  angle  o f 6 .0 1 °  and hence an 
energy o f 9 1 .5  MeV, event 1098 has an e le c t ro n  angle o f  2 .7 7 °  and an 
é le c t ro n  energy o f  413 MeV, and event 1745 has an angle  o f  7 .5 0 °  and 
an energy o f  5 8 .9  MeV.
Measurements
I t  was necessary to  a c c u ra te ly  measure th e  ang le  o f  each 
knock-on e le c t r o n ,  thus in d i r e c t ly  measuring i t s  energy. Th is  is  
a more accu ra te  method f o r  measuring th e  energy than t h a t  o f  m u l t i ­
p le  Coulomb s c a t te r in g ,  which is a method o f  determ in ing  p a r t i c l e  
momentum by measuring th e  d e v ia t io n s  o f  th e  p a r t i c l e  as i t  passes 
through th e  Coulomb f i e l d s  in m a tte r .  The s c a t te r in g  method has an 
in h eren t measurement e r r o r  which is coupled w ith  an e r r o r  introduced  
by th e  energy loss o f  the  e le c t ro n  as i t  passes through m a tte r .
Since e le c t ro n s ,  e s p e c ia l ly  low energy ones, tend t o  change t h e i r  
d i r e c t io n  o f  t r a v e l  due to  s c a t te r in g ,  i t  is necessary to  measure the  
an g le  using th e  blobs n eares t  th e  in t e r a c t io n .  In o rd er  to  measure 
th e  space an g le ,  w. I t  Is necessary t o  measure the  p ro jec ted  an g le .
Event 1419
*  , .
Event 1098
Event 1745
‘ . r - r ' / i
Fig. 10. Knock-on electron photomicrographs.
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0 , in th e  x -y  p lane and th e  d ip  angle,(j> (F ig u re  I I ,  page 4 1 ) .
The measurement o f  th e  p ro jec ted  ang le  0 is  done most accur­
a t e l y  by measuring th e  ( x , y )  c o o rd in a tes  o f  th e  f i r s t  ten  to  fo u r ­
teen  blobs on each t r a c k  (p ion  and e le c t r o n )  w ith  th e  screw m icro ­
m eter eyep iece . T h is  measurement is performed by f i r s t  p o s it io n in g  
th e  event r e l a t i v e  t o  th e  f ix e d  micrometer eyep iece such t h a t  th e  
pion makes an an g le  o f  about 45® w ith  th e  a x is  o f  measurement o f  
th e  m icrom eter, then  measuring th e  x co o rd in a tes  o f  th e  f i r s t  few 
( te n  to  fo u r te e n )  blobs a f t e r  th e  in t e r a c t io n  on both th e  pion and 
th e  e le c t ro n  t r a c k s .  The m icrometer eyep iece was then  ro ta te d  
through e x a c t ly  90® using a s p e c ia l ly  designed eyep iece h o ld e r ,  w ith  
th e  p o s it io n  o f  th e  eyep iece  being locked a t  each e x t re m ity  o f  the  
r o t a t io n .  The measurement was then repeated f o r  th e  same b lobs, ob­
t a in in g  th e  y co o rd in a te s  o f  th e  b lobs . The method o f  le a s t  squares 
was a p p iled  to  th e  x -y  c o o rd in a te  measurements to  o b ta in  th e  angle  
o f  each t r a c k  w ith  th e  x -y  axes o f  th e  m icrometer eyep iece . This  
g iv e s ,  f o r  th e  i—  t r a c k ,
(xÇ) -  X ÿ .
tan  0 . = - = -----------------
( x^) j  -  ( x . ) 2
where th e  bar re p resen ts  an average f o r  th e  N measurements on a 
t r a c k .  Since th e  m icrom eter eyepiece was f ix e d  in space f o r  th e  
simultaneous measurement o f  th e  two t r a c k  an g les , th e  angle  0 be­
tween th e  two t ra c k s  is
» = |8* -
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The e r r o r  associated  w ith  th e  measurement o f  th e  ang le  f o r  each 
t r a c k  can be c a lc u la te d  by p a r t i a l  d i f f e r e n t i a t i o n  to  be
ecos^B. { [ ( y ^ ) .  -  ( y ) ? ]  -  [ ( x ^ ) . -  ( x )? 3 )
A8.  = ' I I  ' '
' / H T  [ ( x 2 ) |  -  ( X ) ; ]
where e = 0 .0 3  microns ( e r r o r  asso c ia ted  w ith  each measurement o f  
blob p o s i t io n  w ith  th e  m icrometer eyep iece a t  100X 12 .5X 1 .25 ),  and 
N. = number o f  measurements. Thus, th e  t o t a l  e r r o r  assoc ia ted  w ith  
th e  p ro je c te d  ang le  measurement Is
A B  =  [ C A B  +  ( A B  ) ^ ] ^  e TT
Th is  measurement is  s u b je c t  t o  small e r r o r s .  Most o f  th e  
measurements were repeated two o r  more t im es In o rd e r  to  Insure r e -  
I l a b i l i t y .  For any g iven  t r a c k  in  emulsion th e  developedi.felblbs^r'.a- 
long th e  t r a c k  a re  d is t r ib u t e d  randomly around th e  d i r e c t io n  o f  the  
t r a c k .  I t  Is  p o ss ib le  t h a t  a blob might be included which a c t u a l ly  
I s n ’ t  on th e  t r a c k ,  o r  t h a t  th e  t r a c k  might change d i r e c t io n  a t  
some p o in t  Included In th e  measurement. These sources o f  e r r o r  were 
reduced t o  a minimum by graphing th e  measured p o in ts  on an expanded 
s c a le  In o rd e r  to  see th e  r e l a t i v e  blob p o s i t io n s .  T h is  approach 
a ls o  helps e l im in a te  data  record ing  e r r o r s .  T h is  p lo t t in g  was done 
w ith  an IBM 1620 computer and a "CaI Comp 563" 29 Inch p l o t t e r .
The d ip  ang le  measurement is  less accu ra te  than th e  pro­
je c te d  ang le  measurement s ince t h i s  measurement re q u ire s  th e  measure­
ment o f  v e r t i c a l  d is ta n c e s .  Thus th e  measurement Is  n e c e s s a r i ly
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l im ite d  in accuracy to  t h a t  o f  the  f in e  focus m icrom eter, coupled 
w ith  the a b i l i t y  to  focus on a p a r t i c u la r  group o f b lobs, which is 
in tu rn  i im ite d  by the  depth o f  focus. Th is  measurement was per­
formed by measuring th e  d i f fe r e n c e  in depth o f  focus o f  th e  second­
ary pion and th e  e le c t ro n  t r a c k  a t  a d is tan ce  o f ,  on th e  average,  
about 250 microns from th e  in te ra c t io n  p o in t .  T h is  va iu e ,  as well 
as i t s  e r r o r ,  was m u i t ip l ie d  by S = 2 .4 ,  th e  average shrinkage fa c to r  
f o r  the  emulsion. In o rd er  to  decrease the  e r r o r ,  th e  measurements 
were repeated several t im es and averaged, th e  e r r o r  being gfvèh as 
th e  probable e r r o r  in th e  measurements. Thus, (|) and th e  e r r o r  in
<j) a re  g iven by _
4» = Tan >
64) = cos^4>C (^)^ (a7)^  + ,
where _
z = average d i f fe r e n c e  in depth o f  pion and e le c t ro n  
a t  th e  p o in t  o f  measurement,
•k = d is ta n c e  from th e  p o in t  o f  in t e r a c t io n  t o  th e  
p o in t  o f  measurement,
a 7  = 0 .6745  -  z h ^  ',
Ax = I m icron.
The to t a l  an g le ,  w, between th e  two tra c k s  is  re la te d  to  9 and 4>, as 
can be seen by p ro je c t in g  a u n i t  v ec to r  in th e  ^  d i r e c t io n  on th e  y 
a x is  (F ig u re  I I ,  page 4 1 ) ,  by
_ I
(j) = cos (cosGcos*)
w ith  a t o t a l  e r r o r
Aw = cscwCcos^0sin^4>(44))^ + cos^4>sin^0(A0)^Ij^ .
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However, t h i s  is not th e  t ru e  s c a t te r in g  angle  o f  th e  
e le c t r o n ,  but th e  t o t a l  ang le  between th e  f in a l  d i r e c t io n s  o f  
th e  pion and th e  e le c t r o n .  The d e f le c t io n  o f  th e  pion must be 
subtracted  from t h i s  in o rd er  to  o b ta in  th e  t r u e  s c a t te r in g  angle  
o f  the  e le c t ro n  beacuse th e  pion always s c a t te r s  away from th e  
e le c t ro n  ( th e  th re e  t ra c k s  a re  c o p la n a r ) ,  r e s u l t in g  in every  case 
in a la rg e r  measured angle  than th e  t r u e  e le c t ro n  s c a t te r in g  an g le .  
Only a t  very high e le c t ro n  e n e rg ie s ,  o r  very small s c a t te r in g  
an g les , is  t h i s  c o r re c t io n  s i g n i f i c a n t .  I t  was necessary to  
c a lc u la t e  th e  pion d e f le c t io n  c o r re c t io n  in an i t e r a t i v e  manner. 
This  process was perfromed by f i r s t  c a lc u la t in g  th e  pion angle  
by assuming the  measured ang le  o f  the  e le c t r o n  to  be c o r r e c t ,  
c o r re c t in g  th e  measured e le c t ro n  angle w ith  th e  r e s u l t ,  then re ­
peating  th e  whole process to  o b ta in  a tw ice  co rre c te d  e le c t ro n  
ang le  and a tw ic e  co rrec ted  e le c t ro n  energy. That is ,  th e  answer 
was accepted as c o r re c t  a f t e r  two i t e r a t io n s .  Th is  is  an e x c e l ­
le n t  approxim ation s ince th e  e r r o r  is s l i g h t  in th e  beg inning.
Data
The equation  r e la t in g  e le c t ro n  energy to  angle  is given  
above. Using t h i s  r e s u l t ,  th e  e r r o r  assocâàted w ith  due to  
an e r r o r  in th e  measurement o f  w and to  th e  e r r o r  in th e  knowledge 
o f  th e  in c id e n t  pion momentum can be obtained by p a r t i a l  d i f f e r ­
e n t ia t io n  to  be
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4m (E_ + m )P_ cos w 
SE = — s -
[< E ,n  + -  % c o s 2 u]
X {[(E%^ -  + m^icosm]^ (A P ^ .)^  + [P^^CEn + mg^sinw]^(Aw)^}^,
where
APir = 0 .6 4  BeV.
Using th e  va lues  o f  w and Aw obta ined  in th e  above manner, 
th e  en erg ies  and e r r o r s  in energy f o r  a l l  th e  knock-on e le c t ro n s  
considered were c a lc u la te d .  The va lues  measured f o r  th e  e le c t ro n  
energy, e r r o r s  in energy, space an g le  w, p ro je c te d  an g le ,  d ip  
an g le ,  and th e  square o f  th e  fo u r  momentum t r a n s f e r  f o r  each knock- 
on e le c t ro n  considered is  l is te d  in Tab le  I .  Only in te ra c t io n s  
w ith  e le c t ro n  energy g r e a te r  than 50 MeV a re  inc luded.
Scanning E f f ic ie n c y
Since th e re  is  less than a u n i t  p r o b a b i l i t y  o f  f in d in g  a l l  
knock-on e le c t ro n s  in scanning, no m a t te r  how c a re fu l  th e  scanning  
process, th e  scanning e f f i c i e n c y  must be in v e s t ig a te d .  One way o f  
doing t h i s  is  t o  in v e s t ig a te  th e  d i s t r i b u t i o n  o f  th e  p lane a n g le ,  
p, (d e f in e d  in F ig u re  I I ,  p. 41) which is the  ang le  between th e  
plane formed by th e  e le c t ro n  and th e  pion t r a j e c t o r i e s  and th e  x -y  
p lan e  (p lan e  o f  th e  em uls io n ).
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Table 1. Knock-on Electron Data
Event Eg(MeV) AEe -q^(MeV)^ w (° ) 8 ( ° ) * ( ° )
113 5 0 .5 4 .3 51 .1 8 . 1 1 2 .3 1 7 .8 0
1608 5 1 .1 1 .5 51 .7 8 .0 6 7.14 3 .8 0
915 5 1 .1 2 .3 51 .7 8 .0 6 5 .7 1 5 .7 4
1580 5 3 .1 1 . 2 5 3 .7 7 .9 1 7 .58 2 .3 6
1660 5 3 .4 1 . 8 5 4 .0 7 .89 7 .6 3 2 . 1 0
2443 5 3 .5 2 . 0 5 4 .2 7 .8 8 4 .7 4 6 .3 3
305 5 3 .9 0 .9 5 4 .6 7 .85 7 .87 0 . 0
2495 5 5 .6 1 .6 4 5 6 .3 7 .7 3 5 .8 2 5 .1 3
688 5 6 .4 0 . 8 5 7 .2 7 .67 7 .6 3 1 .0 4
2466 5 7 .6 1 . 6 5 8 .3 7 .59 5 .9 3 4 .8 0
369 5 7 .9 1 .7 5 8 .6 7 .57 7 .07 2 .8 0
2524 5 8 .5 1 .3 5 9 .3 7 .5 3 6 .9 1 3 .08
1745 5 8 .9 . 8 5 9 .7 7 .5 0 7 .5 3 0 . 0
2413 5 9 .8 1 .4 6 0 .1 7 .4 5 7 .4 8 0 . 0
673 6 2 .3 1 . 0 6 3 .1 7 .3 0 7 .1 3 1 . 6 8
2964 6 3 .0 1 . 8 63 .9 7 .25 6 .2 6 3 .72
1553 6 3 .8 4 .0 64 .7 7 .2 1 4 .6 1 5 .59
631 65 .9 2 . 6 6 6 .9 7 .09 6 .3 5 3 .22
2729 6 6 . 1 1 .4 6 7 .0 7 .0 8 6 .5 4 2 .8 0
1913 67 .7 1 . 2 1 6 8 .6 3 7 .0 0 7 .0 3 .16
1050 68 .4 2 . 2 6 9 .3 6 .9 6 6 .3 1 3 .0 0
1652 69 .1 1 . 0 7 0 .1 6 .9 3 6 .9 5 0 . 0
*1009 72 .9 1 .5 73 .9 6 .74 6 .6 5 1 .2 8
6 7 3 .3 6 . 0 74 .4 6 .7 2 1 .8 7 6 .49
701 73 .9 4 .8 75 .0 6 .7 0 3 .8 6 5 .5 1
1701 74 .9 2 . 8 76 .1 6 .6 5 5 .5 9 3 .6 6
3292 7 5 .0 1 .4 0 76 .2 6 .6 4 6 .6 0 .99
1753 76 .64 1 .6 2 77 .8 6 .5 7 6 . 2 1 2 .2 5
878 77 .8 4 .5 7 9 .0 6 .5 2 3 .04 5 .8 1
381 77 .8 1 . 6 7 9 .0 6 .5 2  . 6 .3 3 1 .6 9
2033 78 .75 1 .7 2 79 .96 6 .4 8 6 . 1 2 2 .2 3
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Table 1. (Continued)
Svent E^(MeV) AEe -q^(MeV)^ w (° ) 8 ( ° ) + ( ° )
700 78 .9 7 .8 80 .1 6 .4 8 .93 6 .4 4
3097 8 0 .8 2 . 2 82 .1 6 .4 0 2 .0 6 6 . 1 0
2911 8 1 .0 4 .0 82 .4 6 .3 9 0 . 0 6.49
1573 81 .3 1 . 1 8 2 .6 6 .3 8 6 .4 0 .37
2195 8 1 .5 2 .9 8 2 .8 6 .37 4 .9 3 4 .0 9
651 82 .2 3 .6 8 3 .5 6 .3 4 5 .0 7 3 .8 8
2122 84 .7 2 . 8 8 6 . 1 6 .2 5 5 .8 2 .4 1
140 86 .4 2 . 8 87 .7 6 .19 5 .8 2 2 . 2 0
2168 88 .9 3 .8 9 0 .4 6 . 1 0 4 .0 6 4 .6 0
1619 8 9 .6 4 .7 91 .0 6 .0 8 4 .8 6 3 .71
2414 90 .5 3 .3 91 .9 6 .05 1 .9 7 5 .7 5
1419 9 1 .5 1 .4 9 3 .0 6 . 0 1 6 .0 4 0 . 0
2481 91 .6 3 .2 9 3 .1 6 . 0 1 5 .0 5 3 .32
1559 92 .3 2 .5 9 3 .8 5 .9 9 5 .6 9 1 .9 6
2030 93 .64 5 .6 95 .2 5 .9 4 .97 5 .9 0
913 93 .9 3 .9 95 .5 5 .9 3 5 .4 3 2 .49
850 94 .1 1 0 . 2 95 .6 5 .9 6 0 .7 6 5 .9 1
81 96 .2 5 .6 97 .8 5 .8 6 4 .2 3 4 .1 1
2107 96 .5 5 .2 6 98 .08 5 .8 5 1 .8 9 5 .5 7
2320 9 6 .6 1 . 6 9 8 .3 5 .8 5 5 .8 8 0 . 0
104 99 .8 8 .9 101 .5 5 .7 5 4 .6 3 3 .48
2655 103 .0 7 .92 104 .7 5 .6 6 2 .04 5 .32
2144 103.2 3 .2 1 05 .0 5 .6 6 5 .12 2 .49
1 221 103.2 11 .7 104 .9 5 .6 6 .71 5 .65
1275 108 .0 2 .3 109 .9 5 .5 3 5 .5 6 0
362 108 .6 1 7 .4 109 .5 5 .5 4 4 .4 7 3 .33
1603 108 .6 2 .5 110.4 5 .5 1 5 .2 3 1 .8 5
485 111.4 4 .6 113 .3 5 .4 4 4 .7 4 2 .75
2544 113 .3 2 .9 1 15 .3 5 .4 3.07 4 .4 8
1841 117 .9 4 .3 119 .9 5 .2 9 4 .1 3 3.36
2448 119 .6 3 .5 121.7 5 .2 5 3 .52 3 .95
2097 1 2 0 . 2 3 .9 122 .3 5 .2 3 4 .1 2 3 .28
Event Eg(MeV)
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Tab le  1 .  (Continued)  
AEg -q^ (M eV )^ w (° ) 8 ( ° ) * ( ° )
3262 1 2 0 . 6 27 122.7 5 .2 2 5 .2 4 .521
2408 1 2 1 . 8 4 .5 124 5 .2 0 1 .7 9 4 .9 3
2923 123 .0 2 .3 125.2 5 .1 8 4 .5 8 2 .5
426 123 .3 9 .2 125 .5 5 .1 7 3 .8 5 3.52
1428 126.7 9 .1 129 .0 5 .14 .525 5 .1 1
1965 127 .6 5 .2 9 1 2 9 .9 5 .0 8 3 .0 2 4 .1
1408 130 .2 6 .5 132 .5 5 .0 3 2 .8 0 4 .2 2
1232 1 33 .5 9 .9 135 .9 4 .9 6 1 .6 0 4 .7 4
431 133 .5 5 .3 135 .9 4 .9 6 4 .6 1 1 .94
2975 134 .2 4 .4 1 36 .7 4 .9 5 2 .7 0 4 .2 0
164 1 40 .6 1 2 . 8 143 .4 4 .8 3 3 .25 3 .6 3
2228 1 4 1 .3 5 .9 143.9 4 .8 2 3 .94 2 .85
709 142 .3 4 .8 144.9 4 .8 1 4 .5 5 1 . 6 6
23 145 .8 3 .3 148.5 4 .7 5 4 .7 9 0 . 0
3228 1 48 .8 3 .4 151 .5 4 .7 4 .6 9 . 6 8
3044 150 .0 2 .5 152 .8 4 .6 8 4 .6 9 .47
1169 156 .6 3 .3 159 .5 4 .5 8 4 .6 2 0 . 0
1451 156 .8 1 3 .9 159 .7 4 .5 7 2 .9 8 3 .5 3
1371 157.5 7 .4 160 .5 4 .5 6 1 .1 6 4 .4 6
1298 158.9 1 8 . 1 161 .9 4 .5 4 .69 4 .54
1490 159,7 5 .8 162 .7 4 .5 3 4 .2 9 1 .5 8
1130 1 60 .0 5 .1 5 1 6 3 .0 4 .5 3 4 .0 8 2 .0 5
2117 162 .8 4 .9 1 65 .9 4 .4 9 3 .2 5 3 .16
248 162.9 2 4 .6 1 66 .0 4 .4 9 2 .97 3 .42
2948 163 .0 4 .9 1 66 .1 4 .4 8 4 .4 8 0 . 0
2240 163 .6 3 .9 1 66 .7 4 .4 7 4 .5 2 0 . 0
399 169 .6 4 .3 172 .8 4 .4 0 4 ,4 4 0 . 0
1427 171 .0 1 3 .5 1 74 .2 4 .3 8 1 ,3 6 4 .2 1
]993 171 .1 1 0 . 8 174 .3 4 .3 7 2 .8 1 3 .4 1
1731 171 .6 7 .6 174 .8 4 .3 7 2 .9 2 3 .31
2420 179 ,9 6 .4 183 .4 4 .2 6 4 . 1 0 1 .3 4
* 1 0 1 0 182 .6 5 .0 186 .1 4 .2 3 4 .2 8 0 . 0
Event E^(MeV)
Table
AE^
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1 .  (Continued)  
-q ^ (M eV )^ w (° ) 8 ( ° ) * ( ° )
2270 1 85 .6 8 .4 189 .1 4 .1 9 3 .55 2 .3 2
1237 1 88 .6 4 .7 192 .2 4 .1 6 4 .1 1 .93
62 1 88 .8 4 .7 192 .4 4 .1 6 4 .1 7 .55
2073 1 96 .1 7 .0 193 .9 4 .0 8 2 .3 3 .4 0
1350 1 96 .2 28 .6 2 0 0 . 2 4 .0 8 1 .9 4 3 .6 4
811 2 0 1 . 1 1 2 . 8 2 05 .0 4 .0 3 1 .1 4 3.92
168 2 0 3 .3 35 .1 207 .3 4 .0 0 2 . 2 2 3 .39
3043 213 .4 9 .2 217 .6 3 .9 1 3 .0 3 2 .5 4
12 2 15 .1 1 7 .1 219 .3 3 .8 9 1 .5 1 3 .64
398 215 .9 2 9 .0 2 2 0 . 2 3 .88 1 .8 4 3 .48
2242 2 1 6 .3 7 .6 220 .5 3 .8 8 3 .1 8 2 .3 1
1223 2 17 .9 24 .2 2 2 2 .2 3 .8 6 2 .4 1 3.09
1936 2 19 .0 17 .15 223 .29 3 .85 .89 3 .8 1
2109 225 .4 3 3 .3 229 .9 3 .8 1 .6 9 3 .4 6
126 231 .7 7 .8 236 .3 3 .74 3 .59 1 .2 4
2013 2 42 .9 1 5 .7 247 .7 3 .6 5 . 53 3 .67
1320 2 45 .7 8 . 0 2 50 .6 3 .6 3 3 .52 1 . 1 1
1407 248 .2 8 .4 253 .1 3 .6 1 3 .67 0 . 0
1909 259 .8 10 .94 265 .0 3 .5 3 2 .3 5 2 .71
1923 262 .8 8 . 1 1 268 .04 3 .5 1 2 .37 2 .6 1
109 269 .3 1 4 .2 274.7 3 .4 6 3 .12 1 .6 3
1498 285 .0 35 .1 2 90 .3 3 .4 0 3 .34 .50
2307 286.9 27 .0 292.7 3 .3 5 1 . 8 8 2 .85
1163 299 .8 39 .7 305 .9 3 .28 1 .6 9 2 .8 9
857 307.7 2 0 .3 314 .0 3 .2 3 2 .7 6 1 .8 0
1882 308.1 31 .7 314.4 3 .30 .87 3 .17
170 311.9 2 0 . 8 318.2 3 .2 1 2 .84 1 .6 3
1423 321 .8 1 7 .6 328 .4 3 .16 2 .38 2 .18
823 330 .8 2 9 .7 337 .6 3 .11 2 .6 1 1 .8 1
2985 333.1 12 339.9 3 . 1 0 2 .6 2 1 .7 9
1692 333.7 1 9 .5 340.5 3 ,10 1 .9 9 2 .4 6
2743 336.1 1 2 .9 343 3 .09 3 .0 .95
1067 342.2 9 .3 349.2 3 .06 3 .09 .48
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Table 1. (Continued)
Event E (MeV) e AEe
- q 2 (MeV) 2 w (° ) 6 ( ° ) + ( ° )
1982 348 .4 22 355 .5 3 .0 3 .89 2 .9 6
2 111 3 50 .0 2 2 . 0 357 .0 3 .11 3 .1 1 0 . 0
1630 3 66 .0 1 1 . 1 312 .2 3 .24 3 .3 0 0 . 0
1836 374.2 11 .74 381 .9 2 .9 2 2 .9 8 0 . 0
166 3 85 .6 23 .9 393 .6 2 .87 2 .5 5 1 .4 7
171 4 0 5 .0 1 3 .6 4 13 .4 2 .8 0 2 .8 3 .45
1175 4 0 5 .4 3 7 .9 4 1 3 .8 2 .8 0 1 .8 9 2 .1 6
1098 4 1 3 .0 1 0 . 8 4 21 .6 2 .77 2 .78 .58
3191 4 4 1 .5 1 5 .8 4 5 0 .7 2 .67 2 .3 7 1 .39
2442 4 7 4 .9 31 .5 4 8 4 .9 2 .5 7 1 . 6 8 2 .04
1174 5 0 2 .1 1 6 .9 512 .7 2 .5 0 2 .5 7 0 . 0
1758 5 1 0 .0 9 0 .7 520 .7 2 .47 1 .0 5 2 .3 3
169 521 .9 2 8 .3 532 .9 2 .4 4 .14 2 .52
82 5 5 8 .0 2 9 .2 569 .7 2 .36 .346 2 .42
3275 5 9 5 .5 2 7 .6 6 Ç8 . 1 2 .27 1 .3 3 1 .9 5
727 611 .4 3 8 .8 6 2 4 .3 2 .2 4 2 .04 1 .14
3265 6 4 2 .1 27 .8 655 .7 2 .18 1 . 1 0 1 .9 8
1935 6 58 .3 30.07 6172.2 2 .15 1 .3 4 1 .8 0
2709 669 .5 34 .8 683.7 2 .34 2 .1 6 3 .54
408 6 6 9 .7 4 6 .4 683 .9 2 .1 3 2 .0 6 .84
2670 687 .9 3 3 .6 702.4 2 . 1 0 1 .9 1 1 .0 8
3210 708 .4 30 .3 723 .5 2 .07 2 .0 5 .67
*1008 762 .9 4 2 .2 779 .2 1 .9 9 1 .94 .74
3080 799.4 35 .3 8 16 .5 1 .9 4 2 .0 3 .15
354 8 7 0 .0 1 6 9 .3 8 79 .4 1 . 8 6 1 .2 8 1 .4 8
322 8 9 1 .3 1 4 1 .6 910 .4 1 .8 2 .824 1 .74
525 9 8 6 .7 6 4 .1 1007 .9 1 .7 2 1 .8 3 0 . 0
302 1259 .6 1 58 .7 1 286 .8 1 .4 9 .89 1 .3 4
142 1290 .6 282 .9 1318 .5 1 .4 7 . 8 8 1 .3 3
544 2300 .9 1 77 .5 2351 .0 1 .003 1 .1 7 0 . 0
2005 2430 .9 1 82 .2 2483 .8 .96 .96 .60
1776 2852 .8 234 2915.1 .851 .95 .40
1005 3577 .9 385 .5 3656.1 .697 .522 .724
2932
*
3 581 .6 271 .9 3659.8 .696 .826 .338
Events no t used i n  cross s e c t io n  c a lc u la t io n .
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I t  w i l l  be h e lp fu l  a t  t h i s  p o in t  to  d escr ib e  th e  o r ie n t a t io n  
o f th e  emuision p e l l i c l e s  during measurement. Let y denote th e  d i ­
r e c t io n  p a r a l le l  t o  t h a t  o f  th e  in c id e n t  p io n , x th e  7^ cm. d i r e c t io n  
(p e rp e n d ic u la r  to  y ) ,  and z th e  600 micron d i r e c t io n .  The x -y  p lane  
is defined  as  th e  p lane o f  th e  emulsion and is th e  same as the  focal  
plane o f  the  microscopes. Any p lane co n ta in in g  th e  z a x is  is c a l le d
a v e r t ic a l  p lane .
F ig ure  I
The r e l a t io n  between p , where sinp = cosa o r  p + o = 9 0 ° ,  
and th e  measurable q u a n t i t i e s ,  6 and $ (and hence w ) , is obta ined  
by th e  v ec to r  r e la t io n
COS. = H j L E
where
I Î  % R|
I = u n i t  v e c to r  in x d i r e c t io n ,
J  = u n i t  v e c to r  in y d i r e c t io n ,
% = u n i t  v e c to r  along
a = angle  between the normal to  th e  p;lane
formed by th e  y a x is  and R and th e  plane
o f  th e  emu Is io n ,
p = angle  between t h i s  p lane and th e  plane  
o f  emulsion.
Thus,
42
sinp =  -------------------------------------.
( I -  cos^ÿcos^0)%
The r e la t io n  between u, 6 , and (|) is shown above to  be
Hence
COSÜ) = COS0COS(|) .
s i n p  =
sinj)
( I -  COS
or
where
0 = p ro je c te d  ang le  o f  th e  e le c t ro n  w ith  respect
to  th e  in c id e n t  pion d i r e c t io n ,
^ = dap an g le  (an g le  between e le c t ro n  and i t s  
p r o je c t io n  in th e  xy p ià n e ) ,
Ü) = t o t a l  space ang le  between pion and e le c t r o n ,
0 < p < 9 0 °  .
Since th e  knock-on e le c t ro n s  should have an I s o t r o p i c p d i s ­
t r i b u t i o n ,  i t  is p o ss ib le  to  determ ine whether o r  not th e  knock-on 
events found were biased towards those having a small d ip  a n g le ,  
( i . e . ,  those which a re  in th e  plane o f  th e  emulsion f o r  some d is ­
tan ce— commonly known as " f l a t  t r a c k s " ) .  E le c tro n  t r a c k s  w ith  la rge
d ip  angles a r e ,  in g e n e ra l ,  much more d i f f i c u l t  to  lo c a te  than " f l a t "
t ra c k s  because o n ly  th e  f i r s t  few, a t  most, o f  th e  blobs o f  t h e i r  
t r a c k s  a re  in focus when focusing on th e  pion t r a c k ,  making i t  r e l a ­
t i v e l y  more d i f f i c u l t  to  f in d  such in te ra c t io n s  using standard  
scanning tech n iq u es . I f  e le c t ro n s  w ith  d i f f e r e n t  d ip  angles  have
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d i f f e r e n t  p r o b a b i l i t i e s  o f  being located in scanning, then th e  d is ­
t r i b u t i o n  o f  the  p lane ang le  p should be a n is o t r o p ic ,  th e  degree o f  
a n is o tro p y  in d ic a t in g  th e  percentage o f  events missed. T h is  angle  p 
has been c a lc u la te d  f o r  each even t and i t s  d i s t r i b u t i o n  is p lo t te d  : 
in F ig u re  12 fo r  th e  events found by a l l  scanners in th e  energy in ­
t e r v a ls  IOO<E <200 MeV and E >200 MeV. A c u t o f f  o f  100 MeV e le c t ro n  — e
energy is  a r b i t r a r i l y  employed due to  th e  apparent poor scanning e f ­
f ic ie n c y  f o r  knock-on e le c t ro n s  below t h i s  energy. T h is  can be seen 
in th e  Histograms o f  th e  experim ental r e s u l t s  in F igures  13 -  14. 
S a le c k e r 's  p re d ic te d  r e s u l ts  a re  superposed.
From F ig u re  12 i t  is seen t h a t  fewer events were found w ith  
plane angles between 60° and 90° than between 0° and 30° o r  between 
30° and 6 0 ° .  S t a t i s t i c a l  e r r o r s  cause th e  use o f  t h i s  a n is o tro p y  in 
th e  p lane ang le  d i s t r i b u t i o n  t o  p r e d ic t  a d e f i n i t e  scanning e f f i c i e n ­
cy to  be o f  q u es t io n ab le  r e l i a b i l i t y .  However, s in ce  th e r e  is  a de­
f i n i t e  decrease in scanning e f f i c i e n c y  a t  la rg e  d ip  ang les  as in d i ­
cated in t h i s  f ig u r e ,  i t  is necessary to  make a q u a n t i t a t i v e  e s t im a te  
o f  loss o f  e f f i c i e n c y  in o rd e r  to  c o r r e c t  th e  experim enta l r e s u l t s  
f o r  t h i s  loss. T h is  is done by determ in ing  th e  number o f  events  
needed to  make th e  d is t r ib u t io n s  is o t r o p ic .  In t h i s  manner a 
scanning e f f i c i e n c y  o f  ap prox im ate ly  85? f o r  lo c a t in g  events  w ith  
a l l  d ip  angles is  determined from these r e s u l t s .
I t  is probable  t h a t  th e  scanning e f f i c ie n c y  is  a ls o  dependent 
on th e  p a r t i c u la r  scanner. For t h i s  reason i t  is necessary to  inves­
t i g a t e  th e  r e l a t i v e  scanning e f f i c i e n c y  o f  d i f f e r e n t  scanners.
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The d is t r ib u t io n  o f  p lane angles fo r  th e  events found by 
each scanner g ives  a good in d ic a t io n  o f  th e  r e l a t i v e  scanning e f ­
f i c i e n c i e s .  I t  was p o ss ib le  t o  s e le c t  a group o f  th re e  o f  th e  nine  
scanners whose events showed p lane ang le  d is t r ib u t io n s  which were 
th e  most is o t ro p ic .  Hence th e  scanning e f f i c i e n c i e s  o f  these  
scanners were th e  h ig h e s t .  Indeed, th e  mean f r e e  path f o r  knock-on 
e le c t ro n s  w ith  energy >50 MeV as found by these scanners is  
4 .7  HK .55  m. in a t o t a l  t r a c k  length o f  345 m. as compared to  a 
mean f r e e  path o f  5 .8  .46  m. in 9 0 2 .7  m. o f  t r a c k  fo r  a I I th e
scanners combined. The plane ang le  d i s t r i b u t i o n  fo r  th e  events  
w ith  en erg ies  >100 MeV found by these  th re e  scanners is g iven in 
F i g u r e : 15 f o r  two energy re g io n s .  T h is  can be compared to  th e  same 
d i s t r i b u t i o n  f o r  th e  events from a l l  scanners g iven  in F ig u re  12 
and seen t o  be a co n s id e ra b ly  more is o t r o p ic  d i s t r i b u t i o n .  Thus, 
th e  r e s u l ts  o f  t h is  group o f  scanners ( " b e s t" )  w i 11 be in v e s t i ­
gated s e p a r a te ly .  A h istogram o f  th e  t o t a l  cross s e c t io n  f o r  
events  found by these scanners is  p lo t te d  in F ig ure  16 w ith  th e  
r e s u l t  p red ic ted  by S a lecke r  superposed. From th e  p lane angle  
d is t r ib u t io n s  i t  can be concluded t h a t  the  r e s u l t s  o f  these  
scanners a re  not s i g n i f i c a n t l y  biased toward f l a t  even ts .
In o rd er  to  f u r t h e r  check th e  scanning e f f i c i e n c y  f o r  
lo c a t in g  knock-on e le c t ro n s ,  a procedure o f  rescanning was used 
which chectedlthe in d iv id u a l  scanner 's  p r o b a b i l i t y  f o r  lo c a t in g  a l l  
knock-on e le c t r o n s .  The data c o l le c te d  in t h i s  experim ent was ob­
ta in e d  by nine d i f f e r e n t  scanners. C o n s is ten t  r e s u l t s ,  w i th in
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s t a t i s t i c a l  e r r o r ,  were o b ta ined  by each scanner. The rescanning  
procedure e n t a i le d  re q u ir in g  each scanner to  scan t ra c k s  which had 
been p re v io u s ly  scanned. The same group o f  t r a c k s  were rescanned 
by each scanner. Knock-on e le c t ro n s  had been found on ^  o f  th e  
t ra c k s  rescanned. On th e  average , scanners missed =16% o f  the  
knock-on e le c t ro n s  in rescanning . These r e s u l ts  in d ic a te  t h a t  th e r e  
is approx im ate ly  84% scanning e f f i c i e n c y  fo r  r e lo c a t in g  knock-on 
in te ra c t io n s  w ith  energy >100 MeV. One knock-on in te r a c t io n  was 
found in rescanning which was missed in th e  o r ig in a l  scanning, in ­
d ic a t in g  a s t i l l  lower scanning e f f i c i e n c y .  Th is  a d d i t io n a l  loss 
is  estim ated  as 4%. O v e r a l l ,  i t  is es tim ated  t h a t  th e re  is  a p p ro x i­
m ate ly  80% scanning e f f i c i e n c y  in lo c a t in g  general knock-on in t e r ­
a c t io n s  o f  th e  ty p e  recorded in Tab le  I .
Th is  20% loss in scanning e f f i c i e n c y  should be coupled  
w ith  th e  15% loss due to  m issing in te r a c t io n s  w ith  la rge  d ip  ang les .  
Thus, th e  f in a l  scanning e f f i c i e n c y  is  es t im ated  t o  be 65% fo r  
lo c a t io n  o f  knock-on e le c t ro n s  w ith  energy >J00 MeV by a l l  
scanners.
Histograms o f  th e  experim enta l t o t a l  cross s e c t io n ,  
c o rrec ted  f o r  scanning e f f i c i e n c y ,  a re  g iven  in F igures 17 and 18, 
w ith  th e  re s u l ts  o f  S a lecke r  superposed.
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Conclusions
From F igures 13, 14, 17, and 18 i t  can be seen t h a t  p<ion- 
e le c t ro n  e l a s t i c  s c a t te r in g  experiments in emulsion a re  d i f f i c u l t  t o  
perform below about 200 MeV e le c t ro n  energy. Th is  statem ent is  
based on the  r e l a t i v e l y  la rge  f r a c t io n a l  d i f fe r e n c e  between e x p e r i ­
ment and th eo ry  below t h i s  energy, which is  th e  energy region where 
th e  theo ry  is  expected t o  be most r e l i a b l e .  A previous bubble 
chamber experim ent by A l la n  e t .£ |_ .  in vo lv in g  la rg e  s t a t i s t i c s  in
t h i s  low energy reg io n , found good agreement between S a le c k e r 's  re ­
s u l t  and t h e i r  experim ental r e s u l t s .  As a r e s u l t ,  th e  d i f fe r e n c e s  
between th eo ry  and experiment below =200 MeV must be a t t r ib u t e d  to  
low scanning e f f i c i e n c y .  With s t a t i s t i c s  much la rg e r  than were ob­
ta in e d  in t h i s  experiment i t  would be p o s s ib le  to  a c c u ra te ly  c o r re c t  
f o r  t h i s  e r r o r .
Above 150 MeV e le c t r o n  energy, experim ent and th eo ry  a re  in 
reasonable agreement, w ith in  s t a t i s t i c a l  e r r o r ,  as is  seen in F igures  
17 and IB. Due to  th e  small s t a t i s t i c s I  o b ta ined  a t  high en e rg ie s ,  no 
strong conclusions can be drawn concerning th e  r e l i a b i l i t y  o f  th e  
th e o r e t ic a l  r e s u l t s .  W ith in  th e  accuracy o f  t h i s  experim ent, S a le c k e r 's  
r e s u l t  f o r  th e  production o f  knock-on e le c t ro n s  by 16 BeV pions is 
c o r r e c t .
Any emulsion experim ent in vo lv in g  e l a s t i c  s c a t te r in g  o f  pions 
on e le c tro n s  as a t e s t  o f  quantum electrodynam ics o r  charge s t ru c tu re  
w i l l  re q u ire  many times as much data as was obta ined  in t h i s  work.
This  i l l u s t r a t e s  one o f  th e  c h ie f  d isadvantages o f emulsion work, namely 
t h a t  o f  re q u ir in g  very la rge  amounts o f  t im e and labor to  examine i n t e r ­
ac t io n s  w ith  small cross s e c t io n s .
CHAPTER I I I
DIRECT I PRODUCT I ON OF HIGH ENERGY ELECTRON PAIRS BY PIONS
In tro d u c t io n
High energy e le c t ro n  p a i r  production  by pions is o f  in te r e s t  
in t h a t  i t  provides one o f  th e  most d i r e c t  methods p re s e n t ly  a v a i l ­
ab le  f o r  in v e s t ig a t in g  p a r t i c l e  s t ru c tu re  and quantum electrodynam ics  
a t  small d is ta n c e s .  T h is  process has th e  advantage t h a t ,  s ince  the  
c o l l i s i o n  is w ith  a nucleus (mass ^mass o f  th e  proton— no p a irs  pro­
duced in p io n -e le c t r o n  in te r a c t io n s  were observed ),  th e  energy in the  
c e n te r  o f  mass system is  q u i te  la rg e ,  in c o n t r a d is t in c t io n  to  the  
p io n -e le c t ro n  s c a t te r in g  process where on ly  a smalI f r a c t io n  o f  the  
in c id e n t  energy is  e f f e c t i v e  in th e  c o l l i s i o n .  Since d i r e c t  e le c t ro n  
p a i r  production is an e le c tro m a g n e t ic  process, quantum electrodynam ics  
should prov ide  th e  c o r re c t  method f o r  c a lc u la t in g  th e  cross sec tio n  i f  
quantum e lectrodynam ics is  v a l id  a t  high e n e rg ie s .
T h e o re t ic a l  C a lc u la t io n s
In tro d u c t io n
Several a ttem pts  have been made to  c a lc u la t e  th e  e le c t ro n  
p a i r  production cross se c t io n  f o r  charged p a r t i c l e s  passing through  
m a tte r .  These a ttem pts  have met w ith  o n ly  l im ite d  success due to  ■
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th e  use o f  app ro x im ation s , even in th e  c a lc u la t io n s  o f  the lowest 
o rd e r  quantum e lec trod yn am ica l process, which a re  necessary incorder  
t o  o b ta in  a c losed form express ion  f o r  th e  cross s e c t io n .
In any c a lc u la t io n  o f  t h i s  cross s e c t io n ,  th e  m a tr ix  elements  
corresponding t o  th e  Feynman graphs g iven in F ig u re  19, as w ell as 
cross terrhs between these graphs, should be cons idered . For in c id e n t  
p ions , th e  m a tr ix  elements corresponding to  diagrams A and A' a re  ex­
pected to  g iv e  th e  main c o n t r ib u t io n  t o  th e  cross se c t io n  s in ce  th e
d i f f e r e n t i a l  cross se c t io n  c o n t r ib u t io n  from these graphs co n ta in  a 
2
term (e/m ) whereas th e  c o n t r ib u t io n  from B and S' co n ta in s  instead  e
2
th e  f a c t o r  ( e /m ^  . C o n tr ib u t io n s  from cross terms between A and A'
and B and B' thus co n ta in  th e  f a c t o r  (e/m ) (e /m  ) .  Hence, unlesse ÏÏ
th e re  is  a la rg e  resonance e f f e c t  in th e  m a tr ix  e lement B + B’ , the  
c o n t r ib u t io n s  from B and B' a re  n e g l ig ib le  f o r  in c id e n t  pdons. The 
cross terms a re  more l i k e l y  to  be n o n -n e g l ig ib le ,  but again  t h e i r  e f ­
f e c t  should be much sm al1er than th e  A + A' c o n t r ib u t io n s  due to  th e  
s m a lle r  c o e f f i c i e n t  g iven above. Due t o  th e  d i f f i c u l t y  o f  c a lc u la t in g  
th e  cross term c o n t r ib u t io n s ,  t h e i r  e f f e c t  has been considered on ly  
very  appro x im ate ly»  o r  neglected c o m p le te ly ,  in a l l  c a lc u la t io n s  o f  
t h i s  cross s e c t io n .
The e a r l i e s t  a ttem pts  to  c a lc u la t e  t h e o r e t ic a l  cross sections
(4 )f o r  charged p a r t i c l e  p a i r  production  were by Landau and L i f s h i t z
(5 )
in 1934 and by Bhabha in 1935. O ther e a r ly  c a lc u la t io n s  f o r  th e  
process were made by WiI Iiams^^^ (1 9 3 5 ) ,  N ish ina £ t .a j_ .  . ( 1 9 3 5 ) ,  
Stuecke lberg (G ) ( | 9 3 5 ) ,  Racah^^^ (1 9 3 7 ) ,  and Block e t . ^ .  / ( 1 9 5 4 ) .
A. A.
P
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B. B '
Fig. 19, Feynman Diagrams for Electron Pair Production.
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Development o f  high energy p a r t i c l e  a c c e le ra to rs  w ith  mono- 
e n e rg e t ic  beams made p o ss ib le  a more d i r e c t  t e s t  o f  th e  th e o r e t ic a l  
p re d ic t io n s  through experim ent. Previous+y, o n ly  th e  t o t a l  cross  
se c t io n  as a fu n c t io n  o f  in c id e n t  energy was measured, whereas mono- 
e n e rg e t ic  beams made p o ss ib le  d i f f e r e n t i a l  cross se c t io n  measure­
ments a t  a f ix e d  in c id e n t  energy. Disagreement between experiment
( 2 1 )
and e x is t in g  theordès in d ica ted  a need f o r  more exact c a lc u la t io n s
Attempts t o  c a lc u la t e  th e  p a i r  production cross se c t io n  in a
more exac t fash ion  were made by Murota e t  aj_. in 1956, by
T e r n o v s k i i ^ i n  1959, and by Zapolsky^*^^ in 1962.
Cal cu l â t  ions
The work o f  Tern o vsk ii  is  th e  on ly  one t o  d ate  which con­
s id e rs  spin 0  p rim ary p a r t i c l e s  and th e r e fo r e  w i l l  be t r e a te d  in 
co n s id e ra b le  d e t a i l  here .
T e rn ovsk iI  considered two types o f  p a i r  production pro­
cesses: processes o f  th e  f i r s t  ty p e ,  where th e  p a i r  p a r t i c l e s  a re
considered f r e e ,  corresponding t o  diagrams B and O '; processes o f
th e  second ty p e ,  where th e  p aren t p a r t i c l e  is  considered f r e e ,  c o r ­
responding t o  diagrams A add A ' .  By a p a r t i c l e  being f r e e  i t  is 
meant t h a t  th e  p a r t i c l e  undergoes in te r a c t io n  w ith  o n ly  one e le c t r o ­
magnetic f i e l d ,  as can be seen in F igure  19. Cross sec tio n  c o n t r i ­
butions from th e  diagrams A + A' a re  expected to  be dominant in th e
reg ion  ^  (re g io n  I ) ,  w h ile  th e  c o n t r ib u t io n s  from B + B' a re
m^E
expected to  be dominant in th e  reg ion  (reg io n  I I ) ,  where
K *  sum of e le c t r o n  and p o s itro n  en erg ies  and E, m = in c id e n t
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p a r t i c l e  energy and mass r e s p e c t iv e ly .  Between these two regions  
l i e s  a la rg e  and very  im portant energy r e g io n , ( in c lu d in g  th e  region  
where i t  is p re s e n t ly  p o ss ib le  to  t e s t  quantum e lectrodynam ics and 
in v e s t ig a te  charge s t r u c tu r e .  Processes o f  th e  second typ e  make th e  
main c o n t r ib u t io n  t é  th e  t o t a l  cross s e c t io n ,  as was discussed above, 
and w i l l  thus be considered in d e t a i l .  Processes o f  th e  f i r s t  type  
a re  shown to  be much less im portant a t  t o t a i  p a i r  en erg ies  o b ta in a b le  
from 16 BeV in c id e n t  p ions, but they  w i l l  a ls o  be considered below. 
T e r n o v s k i i 's  c a ic u la t io n s ,  as well as each o f  th e  o th e r  cross sec tio n  
c a lc u ia t io n s  to  d a te ,  cons iders  th e  nucleus in th e  s t a t i c  f i e l d  ap­
prox im ation  in which momentum, but no energy, is  t r a n s fe r r e d  to  th e  
nucieus. T h is  is  a good approxim ation  f o r  small momentum t r a n s f e r s  
t o  th e  nucleus.
Using th e  standard Feynman ru le s  I'Pi'S *1®^  i t  is  p o ss ib le  
t o  c o n s tru c t  th e  m a tr ix  e lement M f o r  th e  s c a t te r in g  process re p re ­
sented by th e  graphs A + A ’ (second typ e ) to  be
k^ -  (k  -p+).^ + mg2
where
e
P ,P '  = i n i t i a l ,  f in a l  pion four-momentum,
lp_ = p o s it ro n ,  e le c t ro n  four-momentum,
k = four-momentum t r a n s f e r  from th e  p io n ' to  th e  p a i r  
and nucieus,
^  = v e c to r  momentum t r a n s fe r re d  t o  th e  p a i r  and nucleus,
V = Z e ^ / ( |q | ^  + |q |^ )  = f a c t o r  connecting th e  nucieus  
^ to  th e  m a tr ix  element in th e  s t a t i c  f i e l d  approxima­
t i o n .
q = momentum t r a n s f e r  to  th e  nucleus, 
.  f  -  g '  -  p+ -  p_ .  % -  p+ -  p_.
I-»
where
,q I = zV ^m  / I 37  = inverse  Thomas-Fermi rad iu s  (minimum 
°  momentum t r a n s f e r r a b t e  t o  th e  nucleus in th e  Thomas- 
Fermi model fo r  th e  screened atom ),
Z = charge o f  th e  nucleus.
Using th is ,  m a tr ix  e lem ent, the  d i f f e r e n t i a l  cross sec tion  is
 ^ 5(E -  E' -  w)d3p'd3p ijSp
da = W  T ■ +. ~
2vfË^ (2tt) 8( |p| /E)
it = #  -  f ' ,
Ü) = E+ t  E_,
E+ = ( |p ± |^ t  m@) ,
E = ( |? |^  + m%)%,
E'  = ( | F h | ^  +
W
....................... = mass o f  in c id e n t  p a r t i c l e  ( p io n ) .
2
The bar over  |m | in d ic a te s  an average over th e  i n i t i a l  spins and sum­
mation over th e  f i n a l  sp in s . The approxim ation = |ï<|^ -  is now 
made ( fo l lo w in g  T e r n o v s k i i ) .
The c a lc u la t io n  was done in th e  lab system w ith  th e  z ax is  
d ire c te d  along th e  d i r e c t io n  n = i t / 11<| o f  the  t o t a l  momentum t r a n s f e r  
from th e  in c id e n t  p a r t i c l e .  Small angle  approxim ations, which were 
used throughout th e  c a lc u la t io n ,  appear to  be v a l id  approximations  
s ince  th e  angles involved a re  small (discussed e x p e r im e n ta l ly  below).  
T hat is ,  f o r  a l l  ang les  6 . used in the  c a lc u la t io n !
9. rep laces  s in 6 .
, I Iand
2
( I  “ %0. ) rep laces  cos8 . .
By c a lc u la t in g  th e  va lue  o f  th e  m a tr ix  elem ents, and dropping th e  cross
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terms which average to  zero  under angle  in te g r a t io n ,  Te rn o vsk ii  d e te r ­
mined th e  d i f f e r e n t i a l  cross se c t io n  t o  be
do =
kfCmZ + p2 e ' 2 ) /P (P  -  k)
I I 2
+ p20j2 ■ h2 + p2@,2 ]
where
, P* + P-r Ml P-*: ,2_PVi.
k^ Sh2 + p2 0 |2  h2 + p20^2 ' q' P(P -  k)
P± = np±( I -  %0+'^) + T^P±0i ,
^  = nP(l -  % 0'2) + T P0' ,
7T
= n(P -  k -  %P0'2) + T ^ ,P 0 ' ,
'Xi , I I
n = k / | ï ï |  ,
T. = u n i t  v e c to r  p e rp en d icu la r  t o  n in th e  p lane o f  P. and k ,
h2 = m^  + p p (m2 + p2 0 ' 2 ) / p ( p  -  k)
'V
0 ’ = angle  o f th e  e le c t ro n  to  n ,
0|  = ang le  o f  the  p o s itro n  t o  n ,
%
0 ' = angle  o f  prim ary pion to  n .
A i l  momentum symbols in t h i s  equation  rep resen t the  s c a la r  va lues o f  
th e  corresponding v e c to r  q u a n t i t i e s .  In te g ra t io n  over th e  angles 0^ 
and 0 ’ was e f fe c te d  by re p la c in g  0^ and 0^ by th e  two v a r ia b le s
X = ( IP + I® |  -  | p _ |8 l ) / 2 H  
Y = ( IP + |8 |  + |p _ | e l ) / 2 H  
then in te g r a t in g  over x and y . In te g ra t io n  over x was done d i r e c t l y ,  
but in te g r a t io n  over y was done by approxim ating th e  in te g ra l  as a
logarithm  in th e  manner
y
f ( y ) d y  = C l n ( -  )
, min "min
[C f  C ( y ) ] .  Th is  procedure was j u s t i f i e d  by th e  f a c t  t h a t  th e  range
o f  y involved is l im ite d  to  small va lues  ( < l )  by physical arguments.
The upper and lower l i m i t s ,  y and y . , can be determined'max 'min
from physical arguments s ince
2Hy = |p ^ | e j  + |p _ |0 l
is g re a te r  than o r  equal t o  th e  tra n s v e rs e  ( t o  n) momentum t r a n s fe r r e d  
to  th e  nucleus, (equal when T^ = T _ ) .  I f  th e  approxim ation
q_L= |ql ,
is made, then
2Hy ^  q
and
^^^m in — ^min'
But th e  minimum momentum t ra n s fe r r e d  to  th e  nucleus in  p a i r  production  
as determined by Murota e t .£ j_ . ,  ^ ^, and by Ternovski I is
IÎI -'mi n 2P+P_
This  r e s u l t ,  w ith o u t  which is  app ro x im ate ly  equal to  u n i ty  f o r  small 
p^ and p , was a ls o  obta ined  by Bhabha^^^. However, in  thè-Thomàs-i-Férmi 
model 6 f  th e  screened atom, th e  minimum momentum t h a t  can be t ra n s fe r r e d  
to  th e  nucleus, which is  determined by the  inverse Thomas-Fermi rad ius  
o f  the  atom through th e  u n c e r ta in ty  p r i n c i p l e ,  AqAr=l, is
l % l  •  Z ‘ ' \ / I 3 7  .
Hence, th e  minimum momentum t r a n s fe r r e d  t o  th e  nucleus in p a i r  produc­
t io n  is  determined app ro x im ate ly  by th e  maximum of these two values^
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|q I o r  |q . 1, s in c e  th e  la rg e r  o f  th e  two serves as a lower l i m i t  ' ^ o ' ' m in '
to  th e  momentum which can be t r a n s fe r r e d .  For th e  energy range o f  
In te r e s t  In t h is  experim ent.
Hence,
kH
^mln 4p+p_
The upper l i m i t ,  was determined by physical arguments concerning
th e  s iz e  o f  y ,  to  be
^max
Using th e  above method and In te g r a t in g  o ver x and y ,  Te rn o vsk iI  
found the  d i f f e r e n t i a l  cross s e c t io n  f o r  p a i r  production  by sp in  0 In ­
c id e n t  p a r t ic le s  t o  be
4 2 0 o (E + ,E .)_  4o2z2r2 , [A ( z )  + -- B ( z ) ]
dE+dE_ 3^ k2 y^mi n
, 4E+E_ (P -  k /2 )2  
k2 P2 ( |  + z)
Whef^e
_ m^E+E_
" P ( P  -  k)m% '
k=P+ + P_= E+ + E_ ,
A(z)  = ( I  + 2 z ) l n ( l  + Ÿ ) -  2,
B ÎZ) = ( I  + z ) l n ( l  + -  I ,
r  = e ^m = c la s s ic a l  rad iu s  o f  th e  e le c t r o n ,  o e
a = f in e  s t r u c tu r e  co nstan t.
For 16 BeV In c id e n t  p a r t i c l e s ,  T e rn o vsk iI  suggested th e  use o f  th e  
I Im l t s
y = I ,^max
y. - ^min p p_
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(n o te  th e  d i f fe r e n c e  o f  a fa c t o r  o f  4 in y . from the  derived  r e s u l tmin
above). In o rder t o  e f f e c t  a useful comparison w ith  experim ent i t  is  
h e lp fu l to  express th e  cross sec tio n  in terms o f a new p a i r  o f  v a r i ­
a b le s ,  K and p, where
K = P+ +  P_ = E+ + E_ ,
= IP+"PJ/(P++ P_)= ,
p ±  /E^ -  m  ^ -  E
— e  —
In terms o f  these v a r ia b le s  the  above d i f f e r e n t i a l  cross sec tion  be­
comes
^ K ^ ( I -  p 2 )  ( P  -  K / 2 ) ^  1 K 
p2 ( |  + z) 2
where .
$%i = K.
The logarithm  argument has been expressed in terms o f th e  usual v a r i ­
a b le s ,  w ith  an e x t ra  fa c to r  D m u lt ip ly in g  i t .  By v ary ing  D i t  is
p oss ib le  to  vary  th e  value given y . . D = I f o r  T e r n o v s k i i 's  choice' min
o f y . . That such an a r b i t r a r y  fa c to r  should be present can be seen 
'min
from th e  th e o r e t ic a l  re s u l ts  o f  Bhabha and o f  Murota e t .aj_.. Each con­
t a in s  a term s im i la r  to
ln [
m K / I  + z e
(Bhabha's r e s u l t  d o e s n 't  con ta in  / l + z  which is = I a t  low energ ies  
and M urota 's  r e s u l t  has an e x t ra  f a c t o r  o f  2 and no 0 ' dependence in z )
)
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except t h a t  t h e i r  r e s u l ts  co n ta in  an a r b i t r a r y  parameter a o f  o rd er  
o f magnitude u n i ty  as a r e s u l t  o f  cutoffs employed in ang le  in te g ra ­
t io n s .  Since T e rn o v s k i i 's  r e s u l t  f o r  t h i s  term is obtained using  
s im i fa r  angle  ap prox im ations , i t  is  lo g ica l t h a t  h is  r e s u l t  should 
a ls o  co n ta in  an a r b i t r a r y  f a c t o r ,  u represents  th e  d is p a r i t y  in the  
p a i r  p a r t i c l e  en erg ies  and has an in te g ra t io n  range from 0 . 0  to  1 . 0 .
do^/dK was obta ined  by in te g ra t in g  n u m erica lly  over th e  p a ir  
energy d is p a r i t y  f o r  d i f f e r e n t  va lues o f th e  t o t a l  p a i r  energy K. The 
re s u l t in g  d i f f e r e n t i a l  cross sec tio n  is  p lo t te d  in F ig u re  20. The 
va lu e  used f o r  th e  average square o f  th e  nuc lear charge in emulsion is  
4 5 9 .0 1 ,  as g iven  r e c e n t ly  by Barkas^^^^ f o r  standard I l f o r d  K-5 
emulsion. I t  should be noted t h a t  th e  standard va lu e  used in previous  
works is = 4 8 8 .4 ,  which g ives  a d i f fe r e n c e  o f  approx im ate ly  615% 
in cross sec tio n  r e s u l ts  from our va lu e .
I t  is a ls o  o f  in t e r e s t  t o  in v e s t ig a te  th e  t o t a l  cross section  
expected per t o t a l  p a i r  energy in t e r v a l .  The r e la t io n  f o r  th e  to t a l  
cross s e c t io n ,  f o r  th e  production o f  p a irs  w ith  t o t a l  energy be­
tween K and K + 6 K is
K+AK
K •
Average curves f o r  a re  p lo t te d  versus K in F ig u re  21 f o r  D = 4 / 2 , 4 ,
t ^ ,  and I .  Histograms o f  th e  t o t a l  cross sec tion  c o n t r ib u t io n s ,  a ,
K
a re  g iven in F igures  22 and 23.
From F igu re  21 i t  is seen t h a t  la rge  d i f fe re n c e s  occur in th e  
cross sec tio n  f o r  d i f f e r e n t  l im i t s  in th e  y in te g ra t io n  a t  small to t a l  
p a i r  energ ies  (<100 MeV). However, the  cross sec tio n  is  a f fe c te d  to  a 
lesser e x te n t  a t  la rg e r  t o t a l  p a i r  en e rg ie s . Thus, th e  l im i t s  o f  the  
y in te g r a t io n  can be considered as parameters which can be ad justed  to  
f i t  experim ental r e s u l ts  a t  low p a i r  e n erg ies .
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Fig. 20. TernovskiI cross section , d if fe re n t ia l In K, fo r plon p a ir  
production p lotted against the to ta l p a ir energy, K.
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F ig . 21. Average to ta l p a ir  production cross section per 20 MeV In te rva l fo r  four values o f the constant D wRiIch 
was Inserted In Tern ovsk ll's  cross section .
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Fig. 22. D istribution  of tbe to ta l cross section, per 10 MeV to ta l p a ir energy In te rv a l, fo r the production of 
electron pairs by 16 BeV plons^ as predicted by Ternovskll's o^  cross section term.
.30 -
PAIR TOTAL CROSS SECTION 
(TERNOVSKII)
25
.20
=5z
.15
o
.10
900700500300150
TOTAL PAIR ENERGY (MeV)
Fig. 23. D istribution  of the to ta l cross section fo r pair production by plons per 50 MeV to ta l pa ir energy 
In terval as given by TernovskII*s o .
69
At t h i s  p o in t  i t  is convenient to  g iv e  th e  corresponding re r  
s u i t  f o r  sp in  h  p a r t i c l e s  as obta ined  by Te rn o vsk ii  in the  same manner 
as above. Using th e  v a r ia b le s  de f in ed  above, t h i s  r e s u l t  is
ZofZ^rZ E+E_ jp 2 + (p _ K )^  [ A ( z )  + — -  B ( z ) ]
dE^dE .--------------------------------------------------------- --------
+ l ^ [ C ( z ) + H l l A D ( z ) ]  +
P2 K2
8 P+P- (P -  K)
P ( I  + z )  •
Changing v a r ia b le s  to  y and K, and in tro d u c in g  an a r b i t r a r y  f a c t o r ,  
D, as above, to  a l lo w  th e  p o s s i b i l i t y  o f  vary in g  th e  l i m i t  o f  in t e ­
g r a t io n ,  y ^ .^ ,  th e  expression becomes
2 !,k2 ( I  -
dudK -  3, k2 " .  K / T T T
/
x< 2 w d < i l c A ( z )  B ( z ) ]-9--------  LnViC; T  5-
where
+ & C ( z )  + D ( z ) ]
^ K2
C (z )  = ) -  2 z ln (  1 + 7 ) ,
D (z )  = I -  z l n ( l  + j )
A l l  o f  th e  in te g r a ls  were eva lu a ted  n u m e r ic a l ly  using th e  
method o f  Gaussian q u ad ra tu re . The computations were performed on 
IBM 1410 and 7040 computers and on th e  OSAGE computer.
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The cross s e c t io n  terms f o r  th e  diagrams B and B' a re  a ls o
c a lc u la te d  by T e rn o vsk ii  in a manner s im i la r  to  t h a t  described above
f o r  th e  terms corresponding t o  A and A ' ,  but co n s id er in g  th e  nucleus
(2 3 )through a d i f f r a c t i o n  approxim ation  . These c o n t r ib u t io n s  ( f i r s t
ty p e )  were broken in to  two p a r ts ,  th e  "Couiomb" terms (do^) and the
" D i f f r a c t io n "  terms ( d a . ) .  C o n tr ib u t io n s  from these  terms wered
c a lc u ia te d  f o r  th e  reg ion
m2 p(P-K )e
T h is  "Coulomb" c o n t r ib u t io n  f o r  in c id e n t  pions is
< lS < E + .E .>  I ^ m%E+E_
dE+dE_ ■ 3 ,^ 2  |<2 P m |P (P -k )- '
The " d i f f r a c t i o n "  term f o r  sp in  0 in c id e n t  p a r t i c l e s  is
,p - k ,  , - S i L :
dE+dE_ IT pk*t m !P(P-k)
2ELE ( P - k /2 )^  +  -
X C(E+ + E 2 ) i |  + p (p_k) ^2^
where
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' 2  '  J f ( 2m,R^q)dq ,
1 /3
R = .5  r  Z = nuc lear  rad ius  as de f ined  by T e rn o v s k i i ,
0 0
J| = f i r s t  o rd e r  Bessel fu n c t io n ,
^ l / 3 ^  = 1.927 f o r  emulsion,
^ Z ^ / ^  = 4 .658  fo r  e m u ls io n ^ ^ ^ \
Numerical in te g ra t io n  y e i ld e d  th e  values
i |  = 0 .127  ,
12 = 0 .0424  .
A change o f  in te g r a t io n  v a r ia b le s  t o  K and v g ives  th e  d i f ­
f e r e n t i a l  cross s e c t io n  terms th e  forms
d2<r^(u,K) ^ l - " = )
dwfK -  3,m2K2 P 2 '■ P,P-K,m 2
ir e
27tP (P -K )  _
X ln [  ------------- 3 I
L.e
. %K2 ( l - u 2 ) ( P - K / 2 )Z K 
P(P-K) ^2-  ^ 2
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C o n tr ib u t io n s ,  Oj ,^ o f  these terms t o  th e  cross se c t io n  per 20 
MeV e n e r g y in t e r v a l  f o r  16.2 BeV in c id e n t  pions were c a lc u la te d  in a 
manner analagous to  t h a t  used f o r  do^. The re s u l t in g  histograms a re  
p lo t te d  f o r  do^ in F ig u re  24, and f o r  dc^  in F ig u re  25. K>>I60' MeV
is th e  approximate reg ion  o f  v a l i d i t y .  These c o n t r ib u t io n s  can be 
seen t o  be n e g l ig ib le  compared to  th e  c o n t r ib u t io n s  from do^ (F ig u res  
20, 22 and 23) fo r  K<I400 MeV.
Although a l l  th e  cross sec tio n  c a lc u la t io n s  except t h a t  o f  
T ern ovsk ii  considered o n ly  spin k  p a r t i c l e s ,  i t  w i l l  be o f  in te r e s t  
t o  con s ider  th e  r e s u l ts  o f  th e  more noteworthy o f  th e  c a lc u la t io n s ,  
namely those o f  Bhabha, Murota , and Zapolsky. Spin ^  cross
sec tio n s  d i f f e r  n e g l ig ib ly  from spin  0  cross s e c t io n s ,  a t  le a s t  w ith ­
in th e  approxim ations made by T e rn o v s k i i .  The r a t i o  o f  th e  numerical 
values f o r  T e rn o v s k i i 's  sp in  0 and spin % cross sec tio n s  a t  a g iven  
energy is u n ity  f o r  a l l  en erg ies  o f  in t e r e s t .
Bhabha's r e s u l t  was obta ined  by making a p e r tu rb a t io n  th eo ry  
t re a tm e n t  corresponding to  th e  cross sec tio n  c o n t r ib u t io n s  from th e  
Feynman graphs A and A' (F ig u re  i 9 ) .  The in c id e n t  p a r t i c l e  was con­
s idered  t o  be moving along a s t r a ig h t  l in e  w ith  uniform v e lo c i t y  
throughout th e  in t e r a c t io n .  Two a r b i t r a r y 'c o n s t a n t s  (o f  o rd e r  o f  
magnitude u n ity )  occur in t h i s  cross sec tio n  due t o  th e  use o f  c u to f fs  
in angle  in te g ra t io n s  to  avoid d ivergences . These constan ts  must be 
determined e x p e r im e n ta l iy ,  but in most experim ental comparisons they  
have been se t equal to  u n i ty .  Bhabha’ s cross s e c t io n ,  d i f f e r e n t i a l  
in f i n a l  e le c t ro n  and p o s itro n  e n e rg ie s ,  f o r  th e  production  o f
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Fig. 24 . D is tr ib u tio n  o f to ta l cross section per 100 MeV fo r  a ,  T ern o vsk ll's  "Coulomb" cross section term.
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F ig . 25. D is tr ib u tio n  o f the to ta l cross section per 100 MeV fo r  T e rn ovsk ll's  " d iff ra c tio n "  cross section term.
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an e le c t r o n -p o s i t r o n  p a i r  by a r e l a t i v i s t i c  charged fermion o f  mass
m I s ir
dE^dE. -  *  ‘ l37> [  (E t  E )“ V ^ +  ^ E _ ) '  (E++E_) '
+  —
where
Y = E/m^,
E^,E_ = p a i r  e le c t ro n  p o s itro n  e n e rg ie s ,  
r^ = c la s s ic a l  e le c t ro n  ra d iu s ,
Z ' *  n u c lear  charge,  
a g , a ' / =  a r b i t r a r y  constants  o f  o rd e r  u n i ty ,
E^ ,E_»m ^,
E+,E_«irmg,
m- = prim ary  p a r t i c l e  mass ( p io n ) ,
E = prim ary  p a r t i c l e  energy.
T h is  cross se c t io n  is  v a l id  in th e  low energy reg io n , as is seen by 
th e  l im i t s  placed on E^,E_.
For th e  h ig h er  energy reg ion  Bhabha obta ined  th e  approximate
equation
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where
E+,E_>>mgY ,
E+,E_<<ym ,
|E+ -  E J « E ^  + .
For 16.2 BeV prim ary p a r t i c l e s  i t  is p o s s ib le  t o  j o i n  these two c ro ss  
sections  a t  K = 60 MeV although n e i th e r  cross se c t io n  is
s t r i c t l y  v a l id  near t h i s  energy. At app ro x im ate ly  t h i s  energy the  
two terms become o f  th e  same magnitude.
In o rd er to  make a more meaningful comparison w ith  e x p e r i ­
ment i t  is d e s ira b le  to  change to  th e  v a r ia b le s  y and K as was done 
above. The above cross s e c t io n s  become
d2og(p,K) 4  r  Z  ^ m2y2 
— dïïdK = 7  ( |3 T )  - ^ 7 -
Now i t  is d e s ira b le  to  app ly  these  cross s e c t io n s  t o  th e  
case o f  16 BeV pion prim ary p a r t i c l e s .  The p a i r  energy d is p a r i t y ,  
y ,  can be removed by in te g ra t in g  n u m e r ic a l ly  from y = 0 . 0  to  
y = 1 .0 .  The cross s e c t io n ,  ~  , thus ob ta ined  is  p lo t te d  in  
F ig ure  26, w ith  th e  above cross sec tio n s  smoothly jo in e d  a t  
K = 60 MeV.
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FIg. 26. Bhabha's cross section, d if fe re n tia l In K, fo r the production 
of electron pairs by pions vs. the to ta l p a ir energy.
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In F igure  27 th e  t o t a l  cross sec tio n  per 20 MeV t o t a l  p a i r  
energy is  p lo t te d .  Numerical in te g ra t io n  was again used to  o b ta in  
th e  t o t a l  cross s e c t io n .  In th e  above r e s u l t s ,  «g is  se t  equal u n i ty .
In th e  cross sec tio n  c a lc u la t io n  o f  Murota e t  th e  Feynman-
Dyson fo rm u tà tlo n  o f  quantum electrodynam ics was used to  determ ine the
cross se c t io n  c o n tr ib u t io n s  from diagrams A and A' as well as from B
and B' f o r  p a i r  production  by high energy charged term inons. The con­
t r i b u t i o n s  from B and B' a re  shown by Murota to  be n e g l ig ib le  fo r  
heavy in c id e n t  p a r t ic le s  (m>>mg), although t h e i r  c o n tr ib u t io n s  a re  im­
p o r ta n t  f o r  prim ary e le c t ro n s .  Cross terms between A + A ’ and B t  B' 
were shown to  be unimportant by c a lc u la t in g  an upper l i m i t  t o  t h e i r  
c o n tr ib u t io n s  f o r  heavy prim ary p a r t i c l e s .  An expression is obtained  
f o r  th e  d i f f e r e n t i a l  cross sec tio n  which, f o r  heavy in c id e n t  p a r t i c l e s ,  
is  v a l id  as long as the  p a r t ic ip a t in g  p a r t i c l e s  have r e l a t i v i s t i c  
e n e rg ie s .  The expression f o r  th e  non-screened cross s e c t io n ,  which 
a ls o  co n ta in s  an a r b i t r a r y  constant o f  magnitude unity, as a r e s u l t  
o f  a c u t d f f  employed in th e  ang le  in te g ra t io n s ,  is
.£2 + g2
— [ (  I + ^  z ) l o g ( l  + -^) -  T  ]
7 E + E - I p2 + Cl 2
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where
k = P -  P' = E+ + E_ ,
z .  -
m^EE'
e
E = energy o f  in c id e n t  p a r t i c l e ,
E' = E -  E^ -  E_ = energy o f  s c a t te re d  p a r t i c l e ,
= mass o f  in c id e n t  p a r t i c l e ,
H' = [m^ + m2E^E_/EE']^ = m^/l + z '  .
Changing v a r ia b le s  to  y and K as in th e  two prev ious cases , t h i s  cross
se c t io n  becomes
{^ ^ (1  + jz)ln(l + i) -  + -^^(1 + 2z)ln(l + U -  2]J[
. 2 ( l - y 2 ) ( E - K )  
3 K ( i+ z )E
where
m ^K ^(l-y 2 )z =
4m|EE'
Th is  cross s e c t io n  can now be eva lua ted  fo r  16 BeV in c id e n t  
fermions w ith  pion mass. ^  is  ob ta ined  in th e  same manner as above, 
and is p lo t te d  in F igu re  28 . The t o t a L c r o s s  se c t io n  per 20 MeV 
t o t a l  p a i r  energy in te rv a l  is  p lo t te d  in F ig u re  29. For these  re ­
s u l t s ,  equals u n i t y .
^  (MUROTA e t a l»
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Fig. 28. Mu rote cross section, d if fe re n tia l 1;n K, p lo tted  against K, the to ta l
p a ir  energy. 81
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F Ig . 29. D is tr ib u tio n  of Murota's to ta l cross section fo r p a ir  production by 16 BeV pions, per 20 MeV energy 
In te r v a l.
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The f in a l  th e o r e t ic a l  t re a tm e n t which w i l l  be considered in 
t h i s  work is  th e  one by Zapolsky (1 9 6 2 ) .  He showed, fo r  heavy in c i=  
dent p a r t i c l e s ,  t h a t  o n ly  diagrams A and A* a re  im portan t. Using a 
Weizacker-Wi11 iams type approach, he c a lc u la te d  th e  d i f f e r e n t i a l  cross  
s e c t io n ,  v a i id  in th e  low p a i r  energy re g io n ,  to  be (n e g le c t in g  
screening o f  th e  atomic e le c t ro n s )
d ^ a ( E  , E_) 7 2 p 8
— .g. =-r- jr—.-------- {E  C 4 f r A , l n  Q + 4mA. + 4mA, -  8 m A _ ]
dE+dE_ btzmjGEZ  ^ ^ ^ ^
+ Ej C^ 16mAg I nQ + 16mAg -  16mA^]
-  E. [32m A ,] = E.[32mAc] -  E [SmA,] }
where
(E^+E'^XE^+E^)
E =  ----------------------------------- —
a
E"E (E2+ E '2 )
 <
EE'E+E.
Ec
^d = m|Ec '
_ EE'(E.^+e! )
Ef = " I " '  '
E + E ( (Ë f tÉ Î )
E  -------------------—  ,
g K"
E,m^ = in c id e n t  p a r t i c l e  energy, mass (p io n ) .
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A. -  — — [  T  logfm / 6 ) -  &  ]  ,
' m2 ^ e y
e
A« = ——  [lo g (m  / 6 ) -  0 .734  ]  ,
^ 2m2 ®e
A , = -!— [ lo g (m  / 6 )  -  ÿ  ]  , 
e
A^ = —  [ l o g ( m y 6 ) -  0 . 9 ]  ,
* 5  = ^ 4  [  F  ' °9 (m g /a )  -  J 2  3 »
Ag = logCm^/6) -  0 . 1 2  ]  ,
'"e
A^ = - 1 1  [  1  log(m / 6 ) -  0 .0 8 6 ]  ,
'  6m4 G ®
e
.  m :(E++E .) . (E++E.)m :
2E.E  2EE* 'T —
« = f r  ' r ' " .
+ -  IT
K = + E .
+  -
Approxim ations made in t h i s  c a lc u la t io n  l i m i t  th e  reg ion  o f  
expected v a l i d i t y  o f  t h i s  expression to
2m <K«2m E/m . e e IT
For the  h ig h er energy reg ion  an asym ptotic  approxim ation  was employed. 
The r e s u l t  ob ta in ed  Is  th e  same as the  eq uatio n  g iven above by Bhabha 
In th e  high energy re g io n .
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A f t e r  changing v a r ia b le s  to  y and K, th e  expression f o r  the  
cross sec tio n  remains th e  same, but th e  v a r ia b le s  become
 ^ _ (E + E !2 ) ( |+ y 2 )
- ,  '
( l - y 2 ) ( E 2+ E '2 )m|
E -  ■
 ^ 4K2
^ ^ ( l - ; 2 ) E E '
^ 4K2
E. = m^E e I
_ _ E E ' ( l+ y 2 )
*  " ZKf
E = 4  ( l - y 2 ) ( l+ y 2 ) m 2  ,
g o  - IT
Q = Æ Ê 1   ( - ± ) ^  ,
K2 ( | - y 2 ) '"tt
K ( l - p 2 )  2EE'
I f  we now s p e c ia l i z e  t h i s  cross s e c t io n  to  16.2 BeV in c id e n t  
fermions w ith  pion mass, th e  d i f f e r e n t i a l  cross s e c t io n ,  da/dK, thus  
obta ined  is p lo t te d  in F ig u re  30 . A histogram o f  th e  t o t a l  cross  
se c t io n  fo r  20 MeV in t e r v a ls  is  g iven in F ig u re  31 . For t h is  specia l  
case, th e  region o f  v a l i d i t y  o f  th e  above c a lc u la t io n  is 2m^<K<60 MeV. 
Above t h i s  energy th e  asym ptotic  approxim ation  is  used.
I t  should be noted t h a t ,  in a l l  6 f  th e  above c a lc u la t io n s ,  
screening o f  the  atomic e le c t ro n s  was con s id ered . The screened cross  
se c t io n  is meaningful o n ly  when i t  is less than th e  corresponding
^  (ZAPOLSKY)
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Fig . 30. Zapolsky cross section, d if fe re n tia l In K, fo r the production 
of electron pairs by plons vs. K, the to ta l p a ir energy.
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F ig . 31. D is tr ib u tio n  o f Zapolsky's to ta l cross section fo r p a ir  production by 16 BeV plons, per 20 MeV to ta l p a ir  
energy In te rv a l.
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unscreened cross s e c t io n .  In every case above, th e  screened cross  
s e c t io n  was g r e a te r  than th e  unscreened và lue  over th e  e n t i r e  region  
o f  In t e r e s t .  T h is  Im p lies  t h a t ,  a t  le a s t  f o r  th e  type  screening con­
s idered  by these au th o rs , th e  non-screened cross sec tio n s  should be 
used.
E le c tro n  P a i r  Experimental Procedure  
In t re d u c t io n
in scanning 16 BeV pion emulsion t r a c k s ,  events w ith  th re e  
prongs, two o f  which were e le c t r o n s ,  were found. These even ts ,  
e le c t ro n  p a irs  produced by th e  in c id e n t  p ions, occur w ith  a lower 
frequency than do knock-on e le c t r o n s ,  one such p a i r  being found on 
th e  average f o r  ap p ro x im ate ly  each nine meters o f  t r a c k .  These 
events f re q u e n t ly  a re  d is t in g u is h a b le  from knockfon e le c tro n s  on ly  
a f t e r  c a re fu l  en e rg y -a n g le  in v e s t ig a t io n s  because one o f th e  tra c k s  
is o f  low energy (<5 MeV) o r  a t  a la rg e  p lane angle  and hence d i f f i ­
c u l t  t o  see. However, in general these even ts  look l ik e  s ta rs  w ith  
th re e  minimum io n iz in g  secondary t r a c k s ,  one o f  which is in a p p ro x i­
m ate ly  th e  same d i r e c t io n  as th e  in c id e n t  p io n . Th is  is ,  th e  pion  
seldom changes d i r e c t io n  n o t ic e a b ly .  Two examples o f  such p a irs  are  
given by th e  photomicrographs in F ig ure  32.
Event Id e n t i f i c a t io n
A l l  events located  in  scanning which had th re e  minimum ion­
iz in g  secondary t ra c k s  and no cbther v i s i b l e  t ra c k s  were c a r e f u l l y  
an a lyzed . Such in te r a c t io n s  can be t r u e  e lec toon  p a irs  produced 
d i r e c t l y  by th e  p io n ,  nu c lear  in te ra c t io n s  (w h ite  s ta rs )  w ith  th re e  
high energy secondaries , gamma conversion e le c t ro n  p a irs  produced on 
o r  near th e  pion t r a c k ,  o r  nuc lear  in te ra c t io n s  w ith  2 secondaries ,
89
EVENT
EVENT 114
Fig. 32. Electron p a ir photomicrographs.
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one o f  which is  a ir® which decays immediately in to  an e le c t ro n  p a i r  
( D a l i t z  p a i r ) .
For 16.2 BeV in c id e n t  pions th e re  is  a very  small p r o b a b i l i t y  
fo r  pion d e f le c t io n  g re a te r  than I® in d i r e c t  p a i r  p ro d u ctio n . In 
f a c t ,  none o f  the  in te ra c t io n s  which were f i n a l l y  determined to  be 
t r u e  examples o f  e le c t ro n  p a i r  production  by th e  pion had a pion de­
f l e c t i o n  > 2 2 ' .  N uclear in te ra c t io n s  w ith  o n ly  3 minimum io n iz in g  
secondary t r a c k s ,  one o f  which makes an ang le  o f  less than I® w ith  
th e  in c id e n t  p ion , a re  d is t in g u is h a b le  from e le c t r o n  p a irs  o n ly  a f t e r  
c a re fu l  a n a ly s is .  Due to  th e  f a c t  t h a t  th e  average energy o f  pion  
secondaries in such nu c lear  in te r a c t io n s  found in a sample scan o f  
514 m. is 3 .0  BeV w h ile  th e  average énergy o f  e le c t ro n  secondaries  
in e le c t r o n  p a i r  in te ra c t io n s  found in t h i s  work is  48 MeV, o n ly  a 
small percentage o f  th e  p a irs  having la rge  en erg ies  have a p ro b a b i l ­
i t y  o f  being confused w ith  nu c lea r  in te r a c t io n s .  High energy e le c t ro n  
t r a c k s  can be d is t in g u is h e d  from high energy pion t r a c k s  by measuring 
th e  t r a c k  en erg ies  a t  t h e i r  o r ig in s  and again  a t  a d is ta n c e  g re a te r  
than o r  equal to  one r a d ia t io n  length from t h a t  p o in t .  T h is  can be 
seen by con s id er ing  th e  equation  f o r  th e  average f r a c t io n a l  energy  
loss by ra d ia t io n  per r a d ia t io n  length o f  an e le c tro n ^ ^ ^ ^ ,
e
when m^<<E<<l37 m^Z w ith  t  = x/^^» where x = d is ta n c e  t r a v e le d ,
X = ra d ia t io n  leng th . The expression becomes
dE
-  E - y # '  % Z 2 r | [ , n ( , 8 3  Z - > /3 ,
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when E>>I37 In these  eq u a tio n s , X is defined  by
? - =  4o Y  Z^r-2 ln ( 183 ,
A n OO
N is  th e  number o f  neutrons in th e  m a t e r ia l ,  A is th e  mass number o f  
th e  m a t e r ia l ,  and E is th e  energy o f  th e  e le c t r o n .  For em ulsion,
X^=3 cm. From the  above equ ations  i t  can be seen t h a t  on th e  average
e le c t ro n s  o f  100 MeV energy t h e o r e t i c a l l y  lose =90% o f  t h e i r  energy
in one r a d ia t io n  len g th , w h ile  e le c t ro n s  o f  _>• BeV lose on th e  a v e r ­
age >98% o f  t h e i r  energy in one r a d ia t io n  len g th . For e le c t r o n s  ' 
>100 MeV, energy loss by c o l l i s i o n  is  n e g l ig ib le  r e l a t i v e  t o  ra d ia t io n  
energy loss. However, r a d ia t io n  loss f o r  pions is  in s i g n i f i c a n t  r e l a ­
t i v e  to  c o l l i s i o n  loss in th e  energy reg ion  o f  in t e r e s t  h e re .  The 
f r a c t io n a l  change o f  th e  energy o f  a pion in one r a d ia t io n  length  is  
thus small r e l a t i v e  to  t h a t  o f  an e q u a l ly  e n e rg e t ic  e le c t r o n .
From th e  above equations  i t  is  seen t h a t  e le c t r o n  secondaries  
should be e a s i ly  d is t in g u is h a b le  from p ions . There were fo u r  w h ite  
s ta r s  found during scanning in which one secondary pion d i r e c t io n  was 
between I O' and 3° o f  th e  in c id e n t  pion d i r e c t io n .  These events were 
d is t in g u is h e d  from e le c t ro n  p a ir s  by using t h i s  approach.
E le c tro n  p a irs  produced by gamma rays can be m is ta k e n ly  in ­
t e r p re te d  as d i r e c t l y  produced p a irs  i f  th e  p o in t  o f  m a t e r i a l i z a t io n  
occurs c lo s e r  to  th e  prim ary pion t r a c k  than th e  minimum re s o lv a b le  
d is ta n c e  in em ulsion. The c h ie f  source o f  gamma rays t r a v e l in g  in 
th e  d i r e c t io n  o f  th e  pion such t h a t  p a irs  produced w i l l  have a la rge  
p r o b a b i l i t y  o f  being in th e  c lo s e  p ro x im ity  to  th e  pion t r a c k  is
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bremmstrahlung by th e  p ion . Only those bremsstrahlung gamma rays  
which a re  produced c lo se  to  th e  forward d i r e c t io n  a re  im portant!
There is  a ls o  a y ray background coming from th e  decay o f  ïï® mesons 
produced in s trong in te ra c t io n s  o f  beam p a r t i c l e s .  Since th e re  is  
no reason f o r  y conversions from t h is  background to  be p r e f e r e n t i a l l y  
located near p ion p r im a r ie s  ( th e  d i s t r ib u t io n  should be random), the  
number o f  expected p a i r  co inc idences from t h i s  source can be e s t i ­
mated. T h is  is done by observing th e  number of co inc idence e le c tro n  
p a irs  o r ig in a t in g  in a 6  micron c y l in d e r  around th e  pion p r im ar ies  
and from t h i s  determ in ing  th e  number o f  such coincidences which are  
expected to  o r i g in a t e  w ith in  a I micron c y l in d e r  around th e  pion.
Such c lo se  co inc idences  would have been c a l le d  p a irs  produced d i r e c t l y  
by th e  pions s in ce  t h e i r  p o in t  o f  o r ig in  would not have been re s o lv ­
a b le  from th e  pion t r a c k .  A c tu a l ly  th e  minimum re s o lv a b le  d is tan ce  
i s  general I y I ess than I m icron, so t h a t  t h i s  e s t im a te  wi11 provide  
an upper bound on th e  number o f  such co incidence p a irs  from background 
gamma convers ions.
Gamma conversion o f  bremmstrahlung photons is  considered as a
la rg e  source o f  e r r o r  in th e  t r i d e n t  process ' (p a i r  production by
é le c t ro n s )  and determines th e  upper l i m i t  o f  experim ental accuracy in
such in v e s t ig a t io n s .  '^*1®’ Thus i t  is necessary to  in v e s t ig a te
t h i s  process f o r  th e  present case o f  primary p ions. Th is  process has
( 26 )been t r e a te d  t h e o r e t i c a l l y  by Piron e t  aj_» who c a lc u la te d  th e  
number o f  co in c iden ce  p a irs  expected per u n i t  length o f  t r a c k  using 
known r a d ia t io n  and m a te r ia f iz a t io n  cross se c t io n s .
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P iron  ^  aj_ obta ined  an expression f o r  th e  number o f  c o in c i ­
dence p a irs  expected per u n i t  t r a c k  length o f  a p a r t i c l e  o f  mass m, 
charge e , and energy E moving in a g iven  medium to  be
" f  =
2me
where ^ ^ ( E ,k , 8 )dkd8 is th e  macroscopic r a d ia t io n  cross s e c t io n ,  d i f ­
f e r e n t i a l  in th e  photon energy k and th e  photon angle  o f  emission 8 . 
^p (k )  is th e  t o t a l  macroscopic cross se c t io n  f o r  th e  conversion o f  a 
photon o f  energy k.
o2 = . ^ 2  = F2&3
X n (E -k )2
where ' 8  2 - is  th e  average ang u lar  d e f le c t io n  o f  th e  prim ary p a r t i -  
s av
cl es in th e  d is ta n c e  is th e  ra d ia t io n  length o f  th e  medium, and
F is  a constan t w ith  the  u n its  o f  energy (F = 12.1 MeV) ( 20 )
e
F ig .  33. Coincidence p a i r  production  diagram.
%The in te g ra t io n  o ver C (£6 , p ' )  means t h a t  the  in te g r a t io n  w ith  respect  
to  y '  and z '  is c a r r ie d  out in a c i r c l e  o f rad iu s  p' cen tered  a t  a 
d is ta n c e  &8 from th e  tang en t t o  th e  p a r t i c l e  t r a j e c t o r y .
P iron  e t  aj_. eva lua ted  th e  above express ion  app rox im ate ly
and obta ined
I (m@)2 _
" f  = - T I T -  P (E 'Z )9 (rm a x )o F
where
^max = '
p ' = minimum re s o lv a b le  d is tan ce  in emulsion,
g ( r  ) = d im ensionless fu n c t io n  dependent o n ly  on
r  which was eva luated  n u m e r ic a l ly ,  max '
P<E.Z) ^ ) l n ^
( 2 8 jg 2 /7 (  1832-1 /3 )%  ( ®.)%
l n ( l 8 3 Z " V 3 )  ^ ^
    -  2  ,n4 + e4/ 7 |83Z - l / 3) ^
l n ( l 8 3 Z - l / 3 )  54 9 36 E
-  l n ( l 8 3 Z - l / 3 )  _ ( J ^  -  2 In4 + -  lnZ4) ---------!---------
18 378 18 | n ( l 8 3 Z - l / ? )
25 7
-  I T  + ?  '"4  '
For th e  present case o f  16.2 BeV pions th e  numerical va lues f o r  these  
q u a n t i t ie s  a re
F = 12.1 MeV ,
Xg = 2 .9 9  cm. ,
p = I micron ,
P (E ,Z )  = 3 .6 2  ,
g = . 8 7 '1 0 - 4 ,
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which y ie ld  a value o f
= I . 8 8 * 10-5/m .
Hence, f o r  a t o t a l  t r a c k  length o f  902 .7  m . , = .02  co inc id ence  p a irs  
from conversion o f  Bremsstrahlung photons a re  expected . For prim ary  
p ion s , t h i s  is c le a r l y  a n e g l ig ib le  source o f  e r r o r .  I t  is o f  in te r e s t  
to  note t h a t ,  a t  th e  éâme energy, prim ary e le c t ro n s  would be expected  
t o  produce =30 co inc idence  p a irs /m .  o f  emulsion t r a c k .  However, 
e le c t ro n s  w ith  th e  same v e lo c i t y  as 16 BeV pions (=59 MeV e le c t ro n s )  
would produce on ly  = .006  co in c iden ce  p a irs  per m ete r .  As e le c t ro n  
energy in creases , co in c iden ce  p a irs  become more and more im p ortan t,  
w ith  th e  number o f  co inc idence  p a irs  e q u a l l in g  th e  number o f  d i r e c t  
p a ir s  a t  about 2 BeV e le c t ro n  energy.
In a sample scan o f  258 m. o f  t r a c k  in which ca re  was taken  
t o  look f o r  such co inc idence  p a i r s ,  tw enty-one p a i r s  were found whose 
o r ig in s  were w i th in  6p o f th e  p io n , but which could be d is t in g u is h e d  
from d i r e c t l y  produced p a i r s .  S ince th e  ac tu a l depth o f  focus o f  the  
microscopes (co n s id er in g  emulsion shrinkage) is o n ly  =+3 m icrons, a l l  
such p a i r s  w i l l  not be seen in scanning. I t  is  d i f f i c u l t  t o  e s t im a te  
th e  scanning e f f i c ie n c y  f o r  lo c a t in g  such even ts , but an e f f i c i e n c y  
o f  70? shouid serve as an underestim ate  o f  th e  ac tu a l e f f i c i e n c y .
Using t h i s  e f f i c i e n c y ,  t h i r t y  co inc id ence  p a ir s  a re  expected w ith in  
th e  6 u c y l in d e r .  For 902 m. o f t r a c k ,  105 such p a irs  a re  expected.  
Thus, con s id ering  such co inc id en ce  p a irs  to  be randomly d is t r ib u t e d  
w ith in  th e  c y l in d e r ,  an upper l i m i t  o f  th re e  co in c iden ce  p a i r s  a re  
expected to  have o r ig in a te d  w ith in  a one micron  c y l in d e r  around the  
p io n , and hence to  be considered as d i r e c t  p a irs  produced by th e  p ion .
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I t  is po ss ib le  to  determine th e  number o f  D a l i t z  p a irs  ex­
pected f o r  th e  pion t ra c k  length considered by an a lyz in g  th e  number 
o f  n -nucieon in te ra c t io n s  w ith  two minimum io n iz in g  pion secondaries .  
Since the  m u l t i p l i c i t y  o f tt , o r  tt°  mesons should be approximate­
ly  th e  same in strong in te r a c t io n s ,  i t  is p oss ib le  to  e s t im a te  the  
number o f  n-nucieon in te ra c t io n s  w ith  two pion secondaries , one o f  
which is  a ir®, to  be approxim ate ly  b n e -h a l f  o f  th e  number o f  such in ­
te ra c t io n s  w ith  two charged pion secondaries (n e g le c t in g  th e  f r a c t io n
o f these which a ls o  have a neu tra l secondary p io n ) .  F ive  such events
(27)were found in a sample scan o f  514 m. o f  t r a c k  . None o f  th e  
secondaries from these  in te ra c t io n s  made an angle o f  < 1° w ith  the  
primary pion d i r e c t io n ,  which is an observed fe a tu re  o f  a i l  e le c t ro n  
p a irs  located ( a c t u a l l y  6 < 2 2 ’ ) .  From these c o n s id e ra t io n s  a lone one
r  I  TT'V
would expect no D a l i t z  p a irs  in th e  t r a c k  length scanned. For g re a te r  
s t a t i s t i c s ,  i t  is po ss ib le  to  cons ider m-nucleon in te r a c t io n s  w ith  2 , 
3, o r  4 secondary p ions, determ in ing  th e  number o f  such events w ith  a 
d ir e c t io n  change o f  < 1° from th e  prim ary pion d i r e c t io n  fo r  a t  le a s t  
one o f  th e  secondary t ra c k s .  Twenty-n ine events o f  t h is  s o r t  were 
found, but o n ly  th re e  had such a small ang le  f o r  one o f  th e  secondar­
ie s . Assuming th e  same m u l t i p l i c i t y  fo r  and ir° mesons and t h a t
th e re  a re  equal numbers o f  2, 3, and 4 t r a c k  s ta r s ,  th e re  a re  0 .5  
events expected in 514 m. o f t ra c k s  w ith  one neutra l pion secondary 
and one charged pion secondary a t  an angle  o f  < 1® r e l a t i v e  to  the  
primary p ion . Thus, approxim ate ly  one such event is expected in 
902.7  m. Since th e re  is a p r o b a b i l i t y  o f  about \% f o r  such n eu tra l  
pions to  decay in to  an e le c t ro n  p a i r  near the p o in t  o f  in te ra c t io n s .
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th e re  is <<l such D a l l t z  p a i r  expected in th e  902 .7  m. o f  t r a c k  
scanned in t h i s  work.
N in e ty -n in e  in te ra c t io n s  were located in scanning 902 .7  m. 
o f t ra c k  which were determined to  be t r u e  examples o f  d i r e c t  e le c t ro n  
p a i r  p ro du ction , w ith  t o t a l  p a i r  en erg ies  H O  MeV. In a l l  o f  these  
i n t e r a c t i o n s  the  p r im a ry  p ion  d e f l e c t i o n  was smal l  (< 22 ’ p ro je c te d  
a n g le ) ,  most o f  th e  measured d e f le c t io n s  being less than 7 ' .  The 
pro jec ted  pion d e f le c t io n  was measured using an eyepiece goniometer  
w ith  measurement accuracy f o r  measuring angles on beam t r a c k s  o f  + 3 ' .
Measurements
Momentum measurements.
For e le c t ro n  p a i r  events i t  is necessary t o  measure d i r e c t l y  
the  momentum o f  each secondary e le c t r o n .  The o n ly  method a v a i la b le  
fo r  measuring th e  momenta (o r  p3 , w ith  3 = v / c = l )  f o r  high energy  
e le c tro n s  in emulsion is  m u l t ip le  Coulomb s c a t t e r in g .  G ra in  d e n s ity  
methods a r e n ' t  a p p l ic a b le  because, even f o r  momenta as low as 5 MeV, 
th e  blob d e n s ity  Is  in th e  p la teau  reg io n .
Momentum measurements using s c a t te r in g  methods a re  based on 
th e  f a c t  t h a t  charged p a r t ic le s  a re  s c a t te re d  when they  pass through  
th e  Coulomb f i e l d s  in m a tte r  (m u l t ip le  Coulomb s c a t t e r in g ) ,  being  
s c a tte red  less th e  la rg e r  t h e i r  momenta'. By measuring th e  net macro­
scopic s c a t te r in g  (d e v ia t io n  from a s t r a ig h t  l in e )  along th e  p a r t i ­
c l e ' s  path i t  is po ss ib le  to  determ ine i t s  momentum (o r  p 3 ) .
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■Momentum c a lc u la t io n s  were performed using a m od if ied  form
(22 ) (28 )  o f  Barkas' method . The m o d if ic a t io n s  made concerned noise
e l im in a t io n .  They con sis ted  o f  dropping Barkas' assumption t h a t
6 ^ = 0  and r e a l i z in g  t h a t  d i f fe r e n c e  products ,D^ o f  a l l
o rders  a re  not independent o f  one an o th er .  Using mean square
averages o f  th e  independent second, t h i r d ,  and fo u r th  d i f fe r e n c e s ,
6 ne o b ta in s  th e  mean square n o is e -c o rre c te d  second d i f f e r e n c e  t o  be
,2  .  2 [  . D " ,  + 2 ( 4. ) ]  .
The equation  used f o r  th e  mean ab so lu te  second d i f f e r e n c e ,  D, assumes 
t h a t  second d i f fe r e n c e s  have a Gaussian d i s t r i b u t i o n ,  so t h a t
The standard c u t - o f f  a t  fo u r  t im es th e  average a b s o lu te  second d i f f e r ­
ence was used, pg was then determined from
" 573 D
where is a dim ensionless s c a t te r in g  f a c t o r  corresponding t o  c e i l
length t ,  in microns. The fa c t o r  573 g ives  u n i ts  o f  MeV fo r  pg when
D is measured in m icrons.
By co ns ider ing  t h a t  tw o - th i r d s  o f  th e  s c a t te r in g  measure-
( 2 2 )ments used were independent and using th e  s t a t i s t i c a l  e s t im a t io n  
o f  e r r o r ,  th e  e r r o r  in pg was c a ic u la te d  as
Apg = pg /2N /3  ,
where N is th e  number o f  measurements used fo r  th e  c a lc u la t io n .
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As was shown above, f a s t  e le c t ro n s  in m a tte r  tend t o  lose  
energy r a p id ly  w ith  d is ta n c e  t r a v e le d ,  causing c o n s id e ra b le  d i f f i c u l t y  
in measuring th e  momentum o f  a g iven e le c t r o n .  Due t o  t h i s  loss o f  
energy and to  the small mass o f  th e  e le c t r o n ,  e le c t ro n s  tend to  
s c a t t e r  more than o th e r  p a r t i c l e s ,  f r e q u e n t ly  undergoing r e l a t i v e l y  
la rg e  angle  s in g le  sca tte rs ; .  For these  reasons th e  p o r t io n  o f  each 
e le c t ro n  t r a c k  used f o r  s c a t te r in g  measurements was t h a t  between the  
t r a c k  o r ig in  and th e  p o in t  where i t  appeared t o  have lo s t  a s i g n i f i ­
can t f r a c t io n  of i t s  energy —  i v e . ,  t o  th e  p o in t  where i t  was po ss ib le  
t o  v is u a l l y  d e te c t  th e  s c a t te r in g  to  be la rg e r  than i t  was near the  
o r ig in  o f  th e  t r a c k .  The measurements were made a t  a base c e l l  length  
small enough t h a t ,  using on ly  th e  segment o f  t r a c k  between th e  event  
o r ig in  and t h i s  p o in t ,  an average o f  seventy measurements could be 
made on each t r a c k .  However, a minimum c e l l  length o f  10 microns was 
used f o r  a l l  t r a c k s ,  inc lu d in g  those on which t h i s  caused less than  
seventy measurements t o  be o b ta in e d .  Exceptions were made f o r  some 
low energy ( < I0  MeV) t ra c k s  whose la rge  s c a t te r in g  req u ired  th e  use 
o f  a 5 micron c e l l .
Using th e  se t  o f  N p o in ts  measured a t  a basic  cel I length t ,  
th e  momentum o f  each e le c t ro n  was c a lc u la te d  w ith  th e  method o f  o v e r ­
lapping c e l l s ,  using m u l t ip le s  o f  t h i s  c e l l  len g th , M x t ,  ranging in
length from t - t o  M x t ,  where M was determined by th e  r e q u i r e -  ^ max max ^
ment t h a t  N/M >10 in o rd e r  t o  use a t  le a s t  ten  measured p o in ts  in max^
any c a lc u la t io n .  Each c e l l  m u l t ip le ,  M x t ,  w i l l  y ie ld  M es tim ates  
f o r  th e  momentum o f  th e  e le c t r o n ,  one e s t im a te  corresponding t o  th e  
cho ice  o f  each o f  th e  f i r s t  M measured p o in ts  as th e  f i r s t  p o in t  used
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in c a lc u la t in g  th e  d i f fe re n c e s  described above. The average o f  th e  M
estim ates  f o r  th e  p a r t i c u l a r  c e l l  length should g iv e  a good e s t im a te
of th e  momentum measured a t  t h a t  cel I len g th . The standard d e v ia t io n
among these M es t im ates  was a ls o  c a lc u la te d .  In t h i s  manner a s in g le
va lue  fo r  th e  momentum is o b ta ined  f o r  each c e l l  len g th . The f in a l
va lue  f o r  th e  momentum o f  th e  p a r t i c l e  was chosen from these M ^ max
estim ates  to  be th e  one w ith  th e  s m a lle s t  standard d e v ia t io n .  For 
most e le c t ro n s ,  severa l d i f f e r e n t  c e l l  léngths  y ie ld e d  q u i te  s im i la r  
r e s u l t s ,  tend ing  to  imply a range o f  c e l l  lengths which g iv e  r e l i a b l e  
momentum es tim ates  f o r  a g iven e le c t ro n  t r a c k .
Thus, i f  a c e l l  m u l t ip le  M was chosen as th e  one which gave 
th e  best e s t im a te ,  p3 was g iven  by
M
-
=  M--------
w h ile  th e  e r r o r  was c a lc u la te d  from
M 2 , 
[ .Z , ( A p 3 ) ; ] %
A(pg)
M
In o rder t o  determ ine e x p e r im e n ta l ly  th e  r e l i a b i l i t y  o f  the  
s c a t te r in g  method f o r  high energy e le c t ro n s ,  th e  momenta o f  tw e n ty -  
seven knock-on e le c tro n s  were measured by s c a t t e r in g .  S ince the  
energ ies  o f  these e le c t ro n s  had been measured in a d i f f e r e n t  and more 
accurate  manner, i t  was p oss ib le  to  check the  s c a t te r in g  method f o r  
e le c tro n s  which had energ ies  re p re s e n ta t iv e  o f  those measured fo r  
p a i r s .  E xac tly  the  same c r i t e r i a  were used in measuring these  energ ies  
as were used f o r  pairr e le c t ro n s .  Agreement was found f o r  th e  e le c tro n s  
measured, th e  energ ies  obta ined  by s c a t te r in g  being, in every case
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Table 2: Data for Scattering Check
Event
Energy
by
Angle (MeV)
Energy
by
S c a t te r in g  (MeV)
297 13± .5 22±5
1340 - —  15+1.5 12+2
334 16±2 17±3
310 16±2 10 ±2
3209 19±1 22+4
10 22+1 23+4
12 1 1 22 ± 1 25±5 .6
311 23+1 20±4
689 24 ±1 21±4
564 36±1 26+5
122 36+1 43±7
592 38+1 29±5
1709 40±1 36±6
1636 43+1 32+5
333 43+1 27±5
305 54±1 25±6
631 66±3 68±16
381 78±2 58±10
140 86±3 100±16
2948 163+5 127±32
399 170±4 165±27
62 189±5 163±25
126 232±8 251±58
1498 285±35 232+50
2 1 1 1 350±22 435174
*319 558±30 5851135
*319 558±30 5961138
Measured tw ic e  by s c a t te r in g  a t  d i f f e r e n t  c e l l  le n g th s .
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except one, w ith in  e r r o r  o f  o r  s l i g h t l y  s m a lle r  than th e  energy d e te r ­
mined by angle  measurement ( " c o r r e c t"  e n e rg y ) .  These r e s u l ts  a re  
l i s t e d  in Table  2 .  From these r e s u l ts  i t  is seen t h a t ,  f o r  e le c t ro n s ,  
th e  energy measured by s c a t te r in g  has a la rg e  p r o b a b i l i t y  o f  being  
equal to  o r  less than th e  ac tua l energy, w i th in  th e  e r r o r  l i m i t s .
Since high energy e le c t ro n s  have a la rg e  p r o b a b i l i t y  o f  losing  
energy w h ile  passing through m a t te r ,  i t  was necessary t o  check f o r  
energy losses over th e  region o f  t r a c k  measured. A d e te c ta b le  energy  
loss would have in d ica ted  t h a t  th e  o r i g i n a l l y  measured energy needed 
t o  be co rre c te d  t o  compensate f o r  t h i s  loss. Th is  was done by c a lc u ­
la t in g  th e  momentum o f  each t r a c k  in th e  manner described above using  
d i f f e r e n t  groups o f  measured p o in ts .  The fo u r  groupings were made up 
o f  a l l  o f  th e  measured p o in ts ,  th e  f i r s t  h a l f  o f  th e  measured p o in ts  
(n e a re s t  th e  o r ig in ) ,  th e  la s t  h a l f  o f  the  measured p o in ts ,  and th e  
p o in ts  measured up t o  th e  f i r s t  s c a t t e r  o f  th e  t r a c k  which was la rge  
enough t h a t  th e  e le c t ro n  might have lo s t  a measurable f r a c t io n  o f  i t s  
energy. Each group o f  poiiiits g ives  an e s t im a te  o f  th e  e le c t r o n  momen­
tum. Using these fo u r  d i f f e r e n t  measurements o f  each momentum (two of  
which were com ple te ly  independent), i t  should have been p o ss ib le  to  
determ ine th e  energy loss w ith  d is tan ce  f o r  each e le c t ro n  and hence to  
c o r r e c t  th e  measured momentum va lue  f o r  t h i s  loss. However, th e  e r ro rs  
in each measurement were la rge  enough th a t  th e  ranges o f  th e  d i f f e r e n t  
measurements overlapp ed , p reventing  any d e f i n i t e  conclusions concerning  
energy loss. However, in most cases a decrease was found in th e  energy  
c a lc u la te d  from th e  f i r s t  h a l f  o f  th e  measured p o in ts  to  t h a t  c a lc u la te d  
using th e  la s t  h a l f  o f  th e  measured p o in ts .  These fo u r  c a lc u la t io n s  o f  
th e  momentum prov ide  a r e l i a b l e  e s t im a te  o f  th e  momentum o f  each e le c t r o n .
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Angle Measurements.
The p ro je c te d  angles o f  em ission, 6 , o f  the  secondary pion 
and th e  p a i r  e le c t ro n s  w ith  respect t o  th e  primary pion d i r e c t io n  
were measured w ith  an eyepiece goniom eter. Dip ang ies , (p, were 
measured in th e  same manner as fo r  knock-on e le c t ro n s  —  i . e . ,  by 
measuring th e  v e r t ic a l  ( z )  d is ta n c e  between th e  pion and th e  second­
a ry  t ra c k s  a t  =100  microns (d is ta n c e  depending on e le c t ro n  energy) 
from th e  o r ig in  o f  th e  event using th e  f in e  focus micrometer on th e  
microscope. The f in a l  measurement was chosen as th e  average o f  =5 
repeated measurements. For low energy e le c tro n s  (^20 M eV)there is 
a la rg e  p r o b a b i l i t y  f o r  la rg e  angle  changes in the  t r a c k  d i r e c t io n s ,  
making t h e i r  measured ang le  u n r e l ia b le .  In th e  cases where low 
energy t ra c k s  make small ang les  (< 2 ° )  w ith  th e  prim ary pion d i r e c t io n  
i t  is d i f f i c u l t  to  a c c u ra te ly  determ ine the  r e l a t i v e  magnitudes o f  
d ip  and p ro jec ted  a n g le .  T h is  f a c t  is  important in  determ in ing  th e  
plane a n g le ,  p, f o r  low energy, sm all^angle  e le c t r o n s ,  s ince  an un­
c e r t a in t y  in e i t h e r  th e  p ro jec ted  o r  d ip  angle  f o r  such small angles  
produces a correspond ing ly  much la rg e r  u n c e r ta in ty  in th e  plane angle  
(s in p  = s in p /s in w ,  cosw = cosGcosp). For such e le c tro n s  th e  plane  
ang le  was considered t o  be unmeasurable and was d isregarded in p lo t t in g  
plane ang le  d is t r ib u t io n s .  Histograms o f  th e  p ro jec ted  pion d e f le c t io n  
and th e  e le c t r o n  and p o s itro n  s c a t te r in g  angles are  g iven in F igures  
34 and 35.
Data
Data used fo r  th e  e le c t r o n  p a i r  experim ent is g iven in Table  
3 . Included are  th re e  p a irs  which were found in a manner not s u i ta b le  
f o r  cross sec tio n  d e te rm in a t io n  and which a re  t h e re fo r e  not used in the
s4 8
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Table 3. Electron Pair Data
E v e n t E ^ ( M e V ) A E ^ w + ( ° ) P+(°) E _ (M e V ) AE_ w _ ( ° ) P_(°) ü)^ ( m i n . ) B t o t a l ( M = V )
1 7 7 1 5 . 4 1 . 7 6 . 6 3 3 4 . 6 3 4 . 8 1 . 2 1 0 . 4 3 1 5 . 6 3 1 0 . 2
1 8 7 8 9 . 8 3 . 5 4 . 0 6 3 7 . 3 1 . 2 . 6 0 1 1 . 0
8 4 6 1 0 . 9 2 . 1 3 6 . 0 . 5 0 1 1 . 4
2 6 5 7 6 . 0 3 . 0 0 . 0 5 . 8 2 . 5 1 3 . 1 5 2 9 . 6 3 0 1 1 . 8
1 6 1 4 1 4 . 0 3 . 3 3 . 0 1 . 0 0 . 5 0 1 5 . 0
3 2 8 5 8 . 0 1 . 6 3 . 5 5 5 0 . 7 1 7 . 5 2 . 1 6 . 7 1 5 5 . 3 1 1 1 5 . 5
2 4 1 1 8 . 3 1 . 7 1 . 5 6 9 0 . 0 7 . 5 2 . 5 9 . 6 6 0 . 0 0 1 5 . 8
1 0 5 2 7 . 6 1 . 3 4 . 0 6 6 6 . 4 0 9 . 7 2 . 6 8 . 2 3 5 3 . 9 0 1 1 7 . 3
2039 1 1 . 9 2 . 1 5 . 9 5 7 8 . 9 5 6 . 0 1 . 5 7 . 3 8 7 3 . 5 6 0 1 7 . 9
16 8 9 9 . 9 3 . 3 . 1 0 1 1 . 2 2 . 8 9 . 3 3 7 0 . 9 3 0 2 1 . 1
33 2 8 8 . 8 2 . 1 1 4 . 0 3 . 0 8 . 8 3 9 . 9 6 2 2 . 8
27 1 5 1 6 . 1  . 3 . 9 1 0 . 1 8 3 3 . 1 8 7 . 2 2 . 7 1 0 . 9 0 2 8 . 6 3 0 2 3 . 3  S
2 0 0 3 2 3 . 4 4 . 7 6 . 4 1 7 1 . 6 3 0 . 5 0 2 3 . 9
1 6 8 2 2 3 . 7 7 . 3 2 . 7 5 3 5 . 6 3 1 . 0 0 . 5 0 2 4 . 7
2 4 2 9 1 8 . 8 3 . 3 1 4 . 6 6 2 8 . 0 3 7 . 3 2 . 1 1 3 . 4 1 1 3 . 9 6 0 2 6 . 1
1 5 6 3 1 8 . 1 3 . 9 0 . 0 8 . 1 3 . 5 0 . 0 0 2 6 . 2
69 8 2 5 . 5 5 . 2 5 . 4 3 8 1 . 0 1 1 . 0 0 . 5 7 1 . 7 6 7 2 6 . 5
5 3 3 1 1 . 3 2 . 8 1 0 . 4 5 8 1 . 4 1 1 5 . 6 3 . 5 6 . 8 3 6 0 . 6 0 11 2 6 . 9
8 1 7 1 1 . 6 3 . 6 5 . 0 6 7 3 . 8 3 1 5 . 7 3 . 2 7 . 7 8 8 0 . 0 0 12 2 7 . 4
1 5 6 4 2 7 . 9 8 . 6 2 . 8 8 0 . 0 0 . 5 0 2 8 . 4
2 4 1 6 1 4 . 3 2 . 6 1 . 6 1 7 6 . 9 6 1 4 . 3 3 . 2 2 . 5 3 6 4 . 5 8 0 2 8 . 6
1 9 3 0 2 5 . 0 3 . 9 5 . 3 0 0 . 0 4 . 0 1 . 3 7 . 0 1 9 0 . 0 0 1 2 9 . 0
2 0 8 7 1 2 . 3 2 . 0 7 . 4 8 8 0 . 3 6 1 7 . 0 4 . 0 5 . 4 1 8 3 . 8 8 0 2 9 . 3
1 4 8 7 2 9 . 1 4 . 7 3 . 2 5 7 7 . 0 1 0 . 8 0 . 3 1 2 9 . 9
2 2 7 4 1 9 . 5 4 . 0 1 0 . 7 3 . 1 0 3 0 . 2
E v e n t E ^ ( M e V ) A E ^ w + ( ° )
T a b l e  3 .  ( C o n t i n u e d )  
p ^ ( ° )  E (MeV)  AE
T* —  *”
w _ ( ° ) P _ ( ° ) ü ) ^ ( m i n . ) ® t o t a l ^ ^
3 1 2 5 2 4 . 2 3 . 8 2 . 1 5 8 9 . 8 3 8 . 4 1 . 7 1 . 4 6 4 9 . 2 1 3 3 2 . 6
1 0 6 5 1 6 . 8 5 . 0 1 . 2 5 0 . 0 1 6 . 0 4 . 0 . 3 6 5 3 2 . 8
2 1 5 2 3 2 . 2 7 . 0 1 . 2 5 7 8 . 1 3 . 6 . 1 3 3 2 . 8
1 8 2 1 1 0 . 4 1 . 6 3 . 7 3 6 5 . 3 6 2 2 . 8 3 . 9 7 . 7 0 0 . 0 0 3 3 . 2
4 3 6 2 8 . 9 4 . 6 2 . 2 1 6 7 . 6 3 5 . 8 1 . 4 3 . 8 1 4 9 . 0 8 6 3 4 . 7
68 7 5 . 5 1 . 7 1 4 . 9 0 1 9 . 2 0 3 1 . 2 6 . 9 3 . 7 3 9 . 0 0 2 3 6 . 7
1 5 1 6 2 2 . 8 5 . 5 . 7 6 7 0 . 4 6 1 4 . 0 2 . 6 1 . 6 3 9 0 . 0 0 0 3 6 . 8
1 7 9 3 7 . 2 2 . 3 1 0 . 7 6 6 0 . 7 8 3 0 . 6 5 . 0 2 . 0 5 7 5 . 5 6 0 3 7 . 8
1 9 2 9 2 4 . 9 4 . 1 1 . 1 8 7 2 . 5 3 1 3 . 5 3 . 2 2 . 4 3 6 4 . 4 1 0 3 8 . 4
2 0 0 7 8 . 2 2 . 1 5 . 1 0 2 2 . 5 0 3 0 . 4 6 . 0 1 . 4 0 0 . 0 0 3 8 . 6
1 4 6 2 2 . 3 7 . 1 1 0 . 9 1 2 6 . 7 1 1 6 . 9 5 . 2 9 . 1 8 6 3 . 5 8 1 3 9 . 2
3 1 9 4 3 2 . 0 8 . 6 6 . 7 3 5 5 . 7 5 1 2 . 9 2 . 5 6 . 9 6 3 2 . 6 6 0 4 4 . 9
1 9 0 6 2 4 . 6  ' 6 . 2 5 . 4 3 4 3 . 9 8 2 1 . 0 4 . 5 6 . 5 6 1 4 . 8 0 4 4 5 . 6
* 1 0 1 6 6 . 1  ' 1 . 2 7 . 1 0 1 0 . 3 0 4 0 . 9 5 . 6 4 . 2 8 4 3 . 8 6 8 4 7 . 0
31 3 2 2 0 . 3 5 . 6 1 1 . 4 5 2 3 . 6 1 2 8 . 8 8 . 8 2 . 4 0 2 1 . 2 5 0 4 9 . 1
1 6 0 3 1 . 3 7 . 0 1 . 0 0 6 8 . 8 1 1 8 . 0 3 . 9 2 . 2 5 6 1 . 8 3 1 4 9 . 3
1 9 0 8 2 6 . 3 5 . 9 5 . 3 1 5 3 . 8 3 2 3 . 6 4 . 1 3 . 8 8 5 1 . 0 8 5 4 9 . 9
34 6 2 2 . 9 4 . 6 2 . 0 1 7 1 . 9 0 2 8 . 7 4 . 5 . 3 8 0 5 1 . 6
4 6 1 3 3 . 8 5 . 4 6 . 4 5 2 5 . 3 1 1 8 . 6 3 . 2 3 . 9 3 2 8 . 3 5 3 5 2 . 4
2 4 6 8 3 0 . 8 5 . 7 5 . 7 8 5 7 . 5 0 2 1 . 7 4 . 1 1 8 . 1 1 2 6 . 1 3 4 5 2 . 5
2 1 9 8 2 7 . 5 5 . 5 1 . 0 0 2 1 . 9 1 2 6 . 6 5 . 8 2 . 9 5 4 6 . 9 1 0 5 4 . 1
114 1 6 . 0 4 . 3 3 . 3 8 2 3 . 0 3 3 8 . 1 1 1 . 9 1 . 7 8 0 . 0 2 5 4 . 1
1 7 3 6 4 6 . 0 1 1 . 6 1 . 5 1 9 . 3 1 . 9 3 : 6 1 : 3 5 5 . 3
1 6 0 4 2 4 . 0 5 . 2 3 . 9 1 4 0 . 0 0 3 2 . 5 5 . 6 9 . 3 0 3 1 : 6 8 0 5 6 . 5
2 9 5 3 7 . 7 1 . 3 5 . 1 5 8 2 . 2 0 5 4 . 4 9 . 6 0 . 0 1 6 2 . 1
1 9 7 1 3 6 . 6 6 . 1 2 . 8 3 7 7 . 2 0 3 0 . 4 9 . 3 6 . 0 0 2 7 . 4 1 2 6 7 . 0
3 3 1 0 6 6 . 3 1 1 . 7 1 . 2 6 3 6 . 3 6 1 . 0 0 . 5 1 6 7 . 3
o
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Table 3. (Continued)
S ven t E_|_(MeV) AG+ w + ( ° ) P + ( ° )
E _ (M e V ) AE_ w _ ( ° ) P _ ( ° ) ü) ( m i n . )ir ^ t o t a l ^ ^
1 3 6 3 4 1 . 6 6 , 6 2 . 2 1 0 . 0 0 2 6 . 0 5 . 3 4 . 5 0 4 4 . 2 0 0 6 7 . 6
314 2 4 7 . 1 1 1 . 8 7 . 0 1 5 5 . 9 3 2 2 . 7 5 . 9 7 . 2 5 1 9 . 3 1 0 6 9 . 8
2 5 0 9 3 5 . 4 6 . 9 1 . 9 8 3 3 . 1 6 3 4 . 7 6 . 7 3 . 8 6 7 2 . 3 8 6 ' 7 0 . 1
999 5 6 . 9 1 1 . 9 2 . 1 5 1 8 . 5 3 1 5 . 9 4 . 6 8 . 0 3 2 2 . 3 8 0 7 1 . 5
20 7 2 7 0 . 8 1 9 . 4 2 . 1 1 2 7 . 3 5 1 . 0 . 5 0 7 1 . 8
664 1 0 . 8 2 . 3 3 . 3 0 6 5 . 0 8 . 9 2 . 0 5 5 7 5 . 8
2 1 1 3 7 5 . 9 1 4 . 2 1 . 4 5 3 5 . 5 3 1 . 0 . 5 1 7 6 . 9
3 277 3 7 . 2 6 . 6 7 . 1 8 9 . 8 1 4 2 . 1 7 . 1 6 . 7 6 0 . 0 0 1 7 9 . 3
2 4 7 8 4 1 . 5 9 . 6 . 6 3 0 . 0  ' 3 7 . 9 6 . 0 0 0 . 0 0 1 7 9 . 4
9 3 1 7 1 . 7 1 6 . 6 1 . 5 3 0 . 0 8 . 2 1 . 2 9 . 0 1 5 8 . 9 5 1 7 9 . 9
33 1 1 8 . 0 3 . 2 6 . 0 1 4 5 . 2 1 6 4 . 1 1 0 . 3 9 . 8 1 4 8 . 4 3 3 8 2 . 1
8 0 5 5 8 . 2 1 4 . 8 1 . 2 5 0 . 0 2 4 . 0 6 . 0 2 . 0 1 5 8 2 . 2
1 2 8 1 6 7 . 1 1 1 . 4 . 7 3 1 9 . 7 3 . 3 2 . 9 8 0 8 6 . 8
50 5 7 3 . 9 1 8 . 0 . 7 0 0 . 0 1 3 . 0 3 . 2 8 . 1 6 0 8 6 . 9
1 4 5 0 2 8 . 8 8 . 3 8 . 2 0 8 6 . 3 8 6 1 . 6 1 0 . 3 . 8 8 6 6 . 7 6 0 9 0 . 4
349 6 0 . 8 1 3 . 2 6 . 4 1 5 7 . 6 6 3 1 . 9 5 . 2 1 1 . 6 3 8 2 . 6 3 22 9 2 . 7
3 2 0 7 6 9 . 0 1 1 . 7 4 . 7 8 8 . 4 8 2 3 . 9 " 4 . 0 7 . 3 3 3 9 . 9 8 6 9 2 . 9
1 8 1 3 8 9 . 3 2 2 . 3 1 . 9 0 5 0 . 7 8 2 7 . 2 7 . 1 3 . 0 8 4 4 . 5 1 1 1 1 6 . 5
2 9 6 3 9 3 . 9 1 9 . 0 . 2 5 0 . 0 2 3 . 8 8 . 8 4 . 7 6 4 1 . 2 8 3 1 1 7 . 7
1 . 1 0 5 . 0 2 2 . 7 1 . 9 8 0 . 0 1 3 . 7 3 . 1 4 . 1 8 4 5 . 5 5 7 1 1 8 . 7
2 0 8 6 1 1 2 . 1 2 5 . 9 2 . 6 5 5 9 . 9 1 7 . 7 3 . 3 7 . 0 5 1 3 . 5 1 0 1 1 9 . 8
3 4 5 5 6 . 2 1 0 . 2 2 . 0 5 5 0 . 5 6 6 5 . 2 1 1 . 4 1 . 3 3 5 4 . 3 5 5 1 2 1 . 4
4 4 3 1 2 6 . 6 3 1 . 9 . 66 6 . 0 0 0 . 5 0 1 2 7 . 1
8 3 0 8 . 5 1 . 6 1 2 . 0 6 9 0 . 0 0 1 2 1 . 9 2 7 . 9 2 . 6 3 6 0 . 3 0 1 1 3 0 . 4
8 4 1 7 3 . 0 1 3 . 7 . 9 5 6 2 . 7 1 1 . 1 . 5 0 9 1 3 5 . 7
o
VO
E v e n t E ^ ( M e V ) w + ( ° )
T a b l e
P + ( ° )
3 .  ( C o n t i n u e d )  
E _ ( M e V )  AE_ w _ ( ° ) P _ ( ° ) ü ) ^ ( m i n . ) = t o t a l ( ^ ^ ^ )
* 1 0 1 5 7 9 . 5 1 2 7 0 4 . 2 0 3 6 . 2 6 5 7 . 6 8 . 7 2 . 6 8 3 7 . 0 5 0 1 3 7 . 2
2 1 1 2 5 7 . 6 1 0 . 5 0 . 0 0 7 9 . 7 1 2 . 9 0 . 0 0 0 1 3 7 . 3
82 4 1 2 7 . 6 1 6 . 8 1 . 9 5 2 6 . 5 0 1 4 . 0 2 . 2 3 . 6 6 0 . 0 0 9 1 4 1 . 6
6 0 3 9 0 . 0 2 2 . 9 1 . 3 1 5 2 . 8 1 0 . 0 . 9 6 6 1 4 2 . 8
* 1 0 1 4 1 3 9 . 0 3 4 . 8 1 . 3 5 9 0 . 0 0 1 0 . 1 2 . 2 4 . 2 5 3 0 . 4 1 2 1 4 9 . 1
930 1 . 2 . 6 2 1 . 4 5 7 1 . 3 3 1 5 3 . 3 2 2 . 1 0 . 0 0 0 1 5 4 . 5
1 7 8 5 2 1 . 3 3 . 7 1 0 . 5 5 1 0 . 4 6 1 3 3 . 4 2 0 . 6 1 . 4 1 0 . 0 0 1 1 5 4 . 7
1 6 7 2 9 4 . 9 1 6 . 4 1 . 2 1 2 9 . 5 5 6 8 . 5 1 9 . 8 1 . 8 3 5 2 . 9 5 5 1 6 3 . 4
1 9 9 5 2 5 . 6 4 . 9 1 . 3 5 2 1 . 0 8 1 3 9 . 2 2 4 . 1 . 7 8 0 . 0 0 3 1 6 4 . 8
2 215 4 2 . 9 7 . 2 4 . 6 0 2 9 . 3 5 1 3 2 . 3 2 0 . 4 1 . 5 8 ' 2 6 . 4 0 4 1 7 5 . 2
1 4 1 5 1 . 9 1 3 . 0 3 . 2 3 2 2 . 1 1 1 3 5 . 5 2 4 . 5 3 . 2 5 1 4 . 1 6 4 1 8 7 . 4
3 0 5 6 1 4 0 . 7 2 2 . 6 . 9 6 8 9 . 8 3 5 0 . 0 8 . 6 0 . 0 0 3 1 9 0 . 7
1 6 7 7 1 4 0 . 2 3 3 . 7 . 8 5 9 0 . 0 0 5 7 . 9 1 1 . 9 1 . 7 1 6 . 1 8 2 1 9 8 . 1
4 8 7 1 7 0 . 6 5 5 . 0 1 . 6 6 6 2 . 9 1 2 9 . 7 4 . 2 1 . 9 0 0 . 0 0 10 2 0 0 . 3
8 2 9 1 3 0 . 6 2 0 . 0 1 . 4 3 4 5 . 8 6 7 2 . 9 1 0 . 9 1 . 0 1 0 . 0 0 3 2 0 3 , 5
1 4 8 5 2 . 1 1 3 . 9 6 . 0 8 8 0 . 1 0 1 6 7 . 9 2 9 . 8 1 . 1 1 2 8 . 8 6 5 2 2 0 . 0
5 3 1 9 8 . 9 1 6 . 2 2 . 7 3 4 7 . 7 6 1 2 6 . 5 2 2 . 4 3 . 7 5 3 6 . 0 1 7 2 2 5 . 4
2 7 2 4 2 0 3 . 0 3 1 . 1 0 . 0 0 2 2 . 5 4 . 1 0 . 0 0 4 2 2 5 . 5
3 1 7 5 5 1 . 6 8 . 8 1 . 6 8 4 1 . 4 3 1 8 2 . 6 4 5 . 7 0 . 0 0 5 2 3 4 . 2
1 5 8 3 1 3 6 . 3 2 9 . 1 2 . 1 1 5 6 . 6 0 1 1 1 . 1 2 4 . 9 1 7 . 5 6 6 7 . 3 8 2 2 4 7 . 4
1 8 7 0 9 4 . 3 2 1 . 1 5 . 5 3 1 8 . 5 3 2 0 0 . 1 4 0 . 9 6 . 7 0 3 0 . 9 0 21 2 9 4 . 4
1 2 0 5 9 6 . 5 1 9 . 6 3 . 8 1 6 3 . 6 6 2 6 6 . 9 3 8 . 5 . 3 3 0 . 0 0 3 3 6 3 . 4
1 3 0 6 5 . 5 1 2 . 1 1 0 . 0 1 6 0 . 0 5 3 1 5 . 6 6 1 . 3 2 . 8 3 7 9 . 2 3 6 3 8 1 . 1
4 7 3 3 0 7 . 2 4 9 . 6 4 . 2 0 3 6 . 7 6 1 5 2 . 0 2 5 . 3 2 . 6 8 3 7 . 0 5 0 4 5 9 . 2
1 2 3 6 4 1 8 . 5 7 4 . 2 . 7 0 0 . 0 0 5 1 . 6 8 . 8 2 . 8 1 2 4 . 4 8 5 4 7 0 . 1
E v e n t s  n o t  u s e d  i n  c r o s s  s e c t i o n  c a l c u a l t i o n .
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cross s e c t io n  d e te rm in a t io n s .  Angle nomenclature f o r  each e le c t ro n  
is the  same as in the  knock-on e le c t ro n  case (F ig u re  I I )  w ith  sub­
s c r ip t s  added t o  d is t in g u is h  th e  two t r a c k s .  I t  should be noted t h a t  
th e re  is no way o f  d is t in g u is h in g  th e  p o s it ro n  t r a c k  from th e  e le c t ro n  
t r a c k ,  so t h a t  th e  assignments o f  + and -  have no s ig n i f ic a n c e  except  
ih d is t in g u is h in g  one t r a c k  from th e  o th e r .
Scanning E f f ic ie n c y
The scanning e f f i c i e n c y  fo r  e le c t r o n  p a irs  is  much h ig h er  
than t h a t  f o r  knock-on e le c t ro n s  because two t ra c k s  a re  g e n e r a l ly  
much e a s ie r  than  one t o  see. In a d d i t io n ,  tn  most cases, both t ra c k s  
make small angles to  th e  in c id e n t  pion t r a c k  d i r e c t io n .  A lthough  
some events  had e le c t ro n  angles  >8 ®, th e  m a jo r i t y  o f  th e  e le c t r o n  
angles were <4® (F ig u re  3 5 ) .  The average e le c t ro n  ang le  is  4 .7® .
Smail angle  secondaries a re  d e tected  w ith  a g r e a t e r  e f f i c i e n c y  than  
a re  la rg e  angle  secondaries , as was demonstrated in th e  scanning e f ­
f ic ie n c y  t e s t s  in th e  knock-on e le c t ro n  case. T h is  is  p a r t i a l l y  due 
to  s m a lle r  d ip  a n g les .
A method s im i la r  to  t h a t  used in checking knock^on e le c t ro n  
scanning e f f i c i e n c i e s  was used in checking e le c t r o n  p a i r  scanning e f ­
f i c i e n c i e s .  Tracks on which p a ir s  had been found, in a d d i t io n  to  
about th re e  t im es t h a t  number o f  t r a c k s  on which d i f f e r e n t  types  o f  
events o r  no events had been found, were rescanned by th e  scanners.
In t h i s  manner a t o t a l  o f  22.1 m. o f  t r a c k  was rescanned by each 
scanner being checked.
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This  method does not provide  a good q u a n t i t a t iv e  e s t im a te  o f  
th e  percentage scanning e f f i c i e n c y ,  but i t  does g iv e  an in d ic a t io n  o f  
th e  scanning e f f i c i e n c y .  In a d d i t io n ,  i t  provides a good method fo e  
determ ining th e  r e l a t i v e  scanning e f f i c i e n c i e s  o f  th e  d i f f e r e n t  
scanners. The r e s u l ts  o f  t h i s  rescanning implied an i n i t i a l  scanning 
e f f i c i e n c y , o f  approx im ate ly  8 8 ^ f o r  r e lo c a t in g  even ts . T h is  is  prob­
ab ly  an o veres t im a te  o f  the scanning e f f i c ie n c y  s ince  i t  g ives  no 
check o f  th e  number o f  p a irs  missed in th e  o r ig in a l  scanning.
I t  is in s t r u c t iv e  t o  p lo t  th e  plane angle  (p ) d is t r ib u t i o n  f o r  
p a i r s ,  where th e  p lane angle is th e  angle  between th e  p lane o f  th e  
emulsion and th e  plane formed by th e  pion and e i t h e r  e le c t r o n .  Th is  
d is t r ib u t io n  provides f o r  a f u r t h e r  check on the  scanning e f f i c i e n c y ,  
although not as d i r e c t l y  as in th e  knock-on e le c t ro n  case due t o  th e  
presence o f  two t r a c k s ,  e i t h e r  o f  which could have served to  lo ca te  
th e  event in scanning. I f  a l l  p a irs  have been found, an is o tro p ic  
d is t r ib u t io n  o f  p lane angles is expected. T h is  d is t r ib u t io n  f o r  th e  
p a i r  e le c t ro n s ,  exc lud ing  e le c tro n s  w ith  very low energ ies  to g e th e r  
w ith  very small angles due to  th e  la rg e  u n c e r ta in ty  o f  t h e i r  ac tua l  
plane an g le ,  is  g iven in F igure  36. I t  is  in s t r u c t iv e  to  in v e s t ig a te  
th e  plane angle d is t r ib u t io n  f o r  th e  t ra c k s  having th e  sm a lle s t  p lane  
angle  in each p a rr  s ince  th e re  is a la rge  p r o b a b i l i t y  t h a t  th e  f l a t ­
t e s t  t r a c k  in each p a i r  was the  one which caused th e  event to  be seen. 
Th is  d is t r ib u t io n  is a ls o  given in F igu re  36. The decrease in number 
o f  events seen here f o r  events with' p lane angle  between 30® and 90® 
is expected, but t h is  graph does in d ic a te  t h a t  many o f  th e  p a irs  found 
were located by seeing d ipping t r a c k s .  T h is  in d ic a te s  a high scanning  
e f f i c ie n c y .
(A) ALL TRACKS (B) SMALLEST ANGLE TRACKS
36
I
30 60 90 30 60 90
PLANE ANGLE (DEGREES)
F ig . 36. D is tr ib u tio n  of the e lec tro n  plane angies in 30 degree in te rv a ls  fo r a l l  p a ir  electrons and 
positrons (A ), and fo r the tracks , one from each p a ir , w ith the sm allest plane angle in (B ).
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Conclusions whjch can be made using th e  p lane angle d i s t r i b u ­
t io n s  a re  l im i te d  s in ce  th e  s t a t i s t i c a l  e r r o r s  o v e r la p .  However, th e  
d i s t r ib u t io n  f o r  a l l  t r a c k s  in d ic a te s  t h a t  th e r e  is a p r o b a b i l i t y  o f  
having missed events w ith  t ra c k s  having la rg e  d ip  a n g les . T h is  de­
crease in scanning e f f i c i e n c y  ib uncerta iin , biiit is  es tim ated  to  be ap­
p ro x im ate ly  5%. T h is  e s t im a te  is made by determ in ing  th e  number o f
t ra c k s  needed t o  make th e  d is t r ib u t io n  is o t r o p ic .
R esu lts
The r e l a t i v e  number o f  p a irs  expected , according to  T e rn o v s k i i ,  
as a fu n c t io n  o f  th e  d is p a r i t y ,  u = | -  E | / ( E ^  + E _ ) ,  in th e  second­
ary  e le c t ro n  en erg ies  is  p lo t te d  in F igures  37 , 38 , 39 and 40 a t  f ix e d  
values o f  K. T h is  r e l a t i v e  p r o b a b i l i t y  is p ro p o rt io n a l  to  d^a/dKdy a t  
co n stan t K, w ith  y ranging from 0 .0  to  1 .0 .  Due t o  small s t a t i s t i c s  
i t  is im possible t o  o b ta in  an experim ental curve f o r  d^a/dKdy a t  a con­
s ta n t  v a lu e  o f  K. However, s in ce  th e  th e o r e t ic a l  curve  has a s low ly
changing shape w ith  increas ing  va lues o f  K, an experim enta l comparison
25is  made by p lo t t in g  th e  number N o f  p a irs  w ith  K = 50 +^q MeV,
K>75 MeV, and a l l  K in F igure  41 , as a fu n c t io n  o f  y .  By comparing
th e  experim ental r e s u l t s  w ith  th e  th e o r e t ic a l  curves i t  can be seen 
t h a t  th e  la rg e  expected p r o b a b i l i t y  fo r  p a i r  production  w ith  y=l 
( i c e . ,  p a irs  w ith  one very high energy t r a c k  and one low energy t r a c k )  
d o e s n 't  occur e x p e r im e n ta l ly .  In f a c t ,  no increased p r o b a b i l i t y  is  
observed. A l l  va lues  o f  y appear to  have eqaal p r o b a b i l i t y  o f  occur­
r in g ,  w ith in  s t a t i s t i c a l  e r r o r ,  fo r  any va lu e  o f  K.
'o
oOJ
•o
I■D
1.8
I .6
1.4
1.2
1.0
.6
.6
.4
.2
1.00.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90
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F Ig . 37. T e rn o vsk ll's  d if fe r e n t ia l  cross section , , fo r  p a ir  production by pions
p lo tted  against p , the  p a ir  energy d is p a r ity , a t a fixed  K = | 0  MeV.
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F Ig . 3a Tern ovsk II's  d if fe r e n t ia l  cross sections, °o , fo r  p a ir  production by pions vs. u 
a t  a to ta l p a ir  energy o f 50 MeV. dRdjT
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F ig . 39. T ern o vsk II's  cross section , d if fe r e n t ia l  In K and p, fo r  p a ir  production by plons p lo tted  
against the p a ir  energy d is p a rity  fo r  the caeemof a to ta l p a ir  energy o f 200 BeV
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Fig . 40. Tern ovsk II's  d if fe re n t ia l  cross section ,  ®o , fo r  the production o f pairs  by 16 BeV
dKdy
plons p lo tted  against the p a ir  energy d is p a rity  (y ) fo r the case o f K *  500 MeV.
M o  ®
NUMBER OF EVENTS
d*o.Flg. 41 . The number of events (■ vs. y, a t tntervaJs Ay ■ 0 .2 , fo r events with to ta l pair energy
>75 MeV In ( c ) ,  ■ 50^^ MeV In (b) and for a l l  energies In (a ) .
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I t  is more in s t r u c t iv e  t o  compare th e  number o f  events pre­
d ic te d  t h e o r e t i c a l l y  w ith  th e  number found than to  compare t h e o r e t i ­
cal and experim ental cross s e c t io n s .  The number o f  even ts , N, w ith  
t o t a l  p a i r  en erg ies  between K and K + AK is re la te d  t o  th e  t o t a l  
cross s e c t io n ,  fo r  th e  production o f  a p a i r  w ith  t o t a l  energy in 
t h is  range by
N = Lno^ ,
22 3where L = t o t a l  t r a c k  length  scanned and n = 7 .8 9 8 *1 0  atoms/cm
( 22)= number o f  emulsion nu c le i per u n i t  volume
E xp er im en ta lly  i t  appears t h a t  th e  c u t o f f  o f  20 MeV, ra th e r  
than 10 MeV, should be employed due t o  th e  r e l a t i v e l y  small number o f  
eveihts located w ith  t o t a l  en erg ies  between 10 and 20 MeV compared to  
th e  number p re d ic te d  by th e o ry .  In a d d i t io n ,  few er events were found
w ith  energ ies  between 10 and 20 MeV than were found between 20 and
30 MeV, in c o n t ra d ic t io n  t o  th e  t h e o r e t i c a l l y  expected r e s u l t s .  As 
was discussed above, t h i s  is  not s u rp r is in g  due to  th e  increasing  
d i f f i c u l t y  in event lo c a t io n  w ith  decreasing p a i r  energy (below  
-20  MeV t o t a l  p a i r  e n erg y ) .
Histograms o f th e  number o f  p a irs  per 20 MeV t o t a l  energy
in te rv a l  a re  g iven in F ig u re  42 f o r  a c u t o f f  energy o f  20 MeV. A
s im i la r  d is t r ib u t i o n  is  g iven in F ig ure  43 f o r  t h i s  data co rrec ted  f o r  
approx im ate ly  83$ scanning e f f i c i e n c y  and 3$ co incidence p a i r  e f f e c t s .
The number o f  p a irs  expected per energy in te rv a l  as p re d ic te d  by 
Terno vsk ii  (c a lc u tà te d  in th e  manner described abo ve), using T e rn o v s k i i 's  
suggested va lue  f o r  y^^^. Is superposed. The parameter D ( r e la t e d  to
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F i g .  4 2 .  D i s t r i b u t i o n  o f  t h e  t o t a l  n u m b e r  o f  e l e c t r o n  p a i r s ,  p e r  2 0  MeV t o t a l  p a i r  e n e r g y  f o u n d  I n  9 0 2 . 7  m . o f
t r a c k ,  w i t h  t h e  n u m b e r  p r e d i c t e d  b y  T e r n o v s k i i  s u p e r p o s e d  ( D  = I ) .
ELECTRON PAIR DISTRIBUTION
BROKEN LINE -  EXPERIMENT (CORRECTED)
CROSSHATCHED -  TERNOVSKII (D = I)
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F ig . 43. Experimental p a ir  production cross section resu lts  corrected fo r  scanning e ff ic ie n c y , with Ternovsk ii's  
predicted resu lts  (not normalized a t low energies) superposed.
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th e  cho ice  o f In th e  th e o r e t ic a l  r e s u l t  was then ad justed to
g iv e  a good f i t  o f  th e  th e o r e t ic a l  r e s u l t  w ith  experiment a t  low p a i r
e n e rg ie s ,  the va lue  chosen being D = 1 .48, corresponding to  =
K H
. T h is  r e s u l t  is p lo t te d  in F igure  44 . Th is  n o rm a liza t io nI .48 p+p_
procedure is j u s t i f i e d  by th e  f a c t  t h a t  th e  choice o f  y^ .^  is not ex­
a c t l y  d e f in e d ,  as waé discussed above. Changing y^ .^  has a s m a lle r  
f r a c t io n a l  e f f e c t  on th e  th e o r e t ic a l  p re d ic t io n s  fo r  t o t a l  p a i r  
en erg ies  g r e a te r  than 100 MeV than in th e  lower energy reg ion .
As was shown above, due to  th e  tendency f o r  th e  s c a t te r in g  
method t o  g iv e  va lues  f o r  measured energy s m a lle r  than the  actua l  
v a lu e ,  th e  energ ies  measured fo r  th e  e le c tro n s  should be increased.  
However, s ince th e  f r a c t io n a l  increase expected is sm a lle r  than the  
e r r o r  in measurement, t h i s  e f f e c t  w i l l  be n eg lected .
From F ig u re  44 i t  is  seen t h a t  the  experim ental cross sec tio n  
is  above th e  norm alized th e o r e t ic a l  one a t  energ ies  g re a te r  th an  
60 MeV. The above mentioned p r o b a b i l i t y  fo r  measuring energ ies  to  be 
s m a lle r  than th e  ac tu a l va lues tends t o  g iv e  b e t te r  agreement between 
th eo ry  and experim ent in t h i s  reg io n . That is ,  th e  discrepancy be­
tween theory  and experim ent would be la rg e r  i f  th e  measured energ ies  
were increased.
The experim enta l t o t a l  cross sections  f o r  th e  production o f  
e le c t ro n  p a irs  w ith  t o t a l  energy g re a te r  than 10 MeV were measured. 
Experimental r e s u l t s  f o r  t o t a l  cross s e c t io n s ,  mean f re e  paths, and 
number o f  events found are  l is t e d  in Tables 4 and 5 f o r  various  
c u t o f f  en erg ies  and energy in t e r v a ls .  Corrected and uncorrected
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F i g .  4 4 .  D i s t r i b u t i o n  o f  t h e  t o t a l  Number o f  e l e c t r o n  p a i r s  p e r  2 0  MeV t o t a l  p a i r  e n e r g y  . fo u n d  i n  9 0 2 . 7  m. o f
t r a c k ,  w i t h  t h e  t h e o r e t i c a l  r e s u l t  o f  T e r n o v s k i i ,  n o r m a l i z e d  t o  f i t  a t  lo w  e n e r g i e s ,  s u p e r p o s e d  (D = 1 . 5 )
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T a b l e  4 .  T o t a l  N um ber o f  P a i r s  w i t h  T o t a l  E n e r g i e s  ^  Km in
K ,  
m i n 20 40
60 80 100 1 2 0 1 4 0 1 6 0 1 8 0 200 220 300
N ( E x p e r i m e n t ) 90 63 51 38 31 27 22 18 15 12 9 4
N ( E x p e r i m e n t  
C o r r e c t e d ) 1 0 5 . 9
7 4 . 1 6 0 . 0 4 4 . 7 3 6 . 5 3 1 . 8 2 5 . 9 2 1 . 2 1 7 . 6 1 4 . 1 1 0 . 6 4 . 7
N ( T e r n o v s k i i ) 5 2 . 4 3 1 . 0 2 0 . 6 1 4 . 7 1 1 . 0 8 . 5 6 . 7 5 . 4 4 . 4 3 . 7 3 . 1 1 . 7
N ( T e r n o v s k i i  
N o r m a l i z e d ) 6 4 . 5 3 7 . 5
2 4 . 9 1 7 . 7 1 3 . 1 1 0 . 1 7 . 9 6 . 3 5 . 2 4 . 3 3 . 5 1 . 9
N ( M u r o t a ) 4 5 . 3 2 7 . 3 1 8 . 4 1 3 . 2 9 . 9 7 . 7 6 . 1 5 . 0 4 . 1 3 . 4 2 . 9 1 . 7
N ( M u r o t a
N o r m a l i z e d )
6 2 . 7 3 5 . 7 2 3 . 4 1 6 . 4 1 2 . 0 9 . 3 7 . 4 6 . 0 5 . 0 4 . 1 3 . 5 2 . 1
N (B h a b h a ) 1 6 . 4 3 . 0 .4 5 .2 5 .1 6 .1 1 .0 8 . 0 6 .0 5 .0 4 .0 3 .0 2
N (B h a b h a
N o r m a l i z e d ) 3 3 . 4
6 . 4 .9 4 .5 1 .1 8 .1 3 .0 9 .0 6 .0 5 .0 4 .0 3 .0 2
*
T a b l e  5 • C o m p a r i s o n  o f  E x p e r i m e n t  a n d  T h e o r y  f o r  V a r i o u s  E n e r g y  I n t e r v a l s
P a i r  E n e r g y  
n t e r v a l  (M eV) N
E x p e r i m e n t
a  X
T e r n o v s k i i  
N a X
T e r n o v s k i i  
( N o r m a l i z e d )  
N o X
M u r o t a
( N o r m a l i z e d )
N 0 X
2 0 - 6 0 39 5 . 5 +  . 9 2 3 . 1 1 3 . 7
1
 ^ 3 1 . 8 4 . 6 2 8 . 4 , 3 9 . 6 5 . 6 2 2 . 8 3 9 . 9 5 . 6 2 2 . 6
6 0 - 1 0 0 0 51 7 . 2 ± 1 . 0 1 7 . 7 1 2 . 5 2 0 . 6 2 . 9 4 3 . 8 2 4 . 9 3 . 5 3 6 . 3 2 5 . 1 3 . 5 3 6 . 0
2 0 - 8 0 52 7 . 3 ± 1 . 0 1 7 . 4 1 2 . 4 3 7 . 7 5 . 3 2 3 . 9 4 6 . 8 6 . 6 1 9 . 3 4 7 . 4 6 . 7 1 9 . 0
8 0 - 1 0 0 0 38 5 . 3 ±  . 9 2 3 . 8 1 3 . 9 1 4 . 7 2 . 1 6 1 . 4 1 7 . 7 2 . 5 5 1 . 0 1 7 . 6 2 . 5 5 1 . 3
2 0 - 1 0 0 59 8 . 3 ± 1 . 1 1 5 . 3 1 2 . 0 4 1 . 6 5 . 8 2 1 . 7 5 1 . 4 7 . 2 1 7 . 6 5 2 . 0 7 . 3 1 7 . 4
1 0 0 - 1 0 0 0 31 4 . 4 ±  . 8 2 9 . 1 1 5 . 2 1 1 . 0 1 . 5 8 2 . 0 1 3 . 1 1 . 8 6 8 . 9 1 3 . 0 1 . 8 6 9 . 4
2 0 - 1 2 0 63 8 . 9 1 1 . 1 1 4 . 3 1 1 . 8 4 4 . 0 6 . 2 2 0 . 5 5 4 . 4 7 . 6 1 6 . 6 5 5 . 1 7 . 7 1 6 . 4
1 2 0 - 1 0 0 0 27 3 . 7 1  . 7 3 3 . 4 1 6 . 4 8 . 5 1 . 2 1 0 6 . 2 1 0 . 1 1 . 4 8 9 . 4 9 . 9 1 . 4 9 1 . 2
2 0 - 1 4 0 68 9 . 5 1 1 . 1 1 3 . 3 1 1 . 6 4 6 . 2 6 . 5 1 9 . 5 5 2 . 2 7 . 3 1 7 . 3 5 7 . 3 8 . 0 ' 1 5 . 8
1 4 0 - 1 0 0 0 22 3 . 1 1  . 7 4 1 . 0 1 8 . 7 6 . 3
II
. 9 1 4 3 . 2 7 . 9 1 . 1  1 1 4 . 3 7 . 7 1 . 1 1 1 7 . 2
K)
o\
N = n u m b e r  o f  e l e c t r o n  p a i r s ,
X =  m e a n  f r e e  p a t h . ( m e t e r s ) ,
a  =  t o t a l  c r o s s  s e c t i o n  i n  e a c h  e n e r g y  i n t e r v a l .
!2?
re s u l ts  a re  g iven . The corresponding th e o r e t ic a l  r e s u l ts  easp pre­
d ic te d  by T e rn o v s k i i ,  using hts suggested va lue  f o r  as w ell as 
th e  va lue  o f  y^ .^  which gave th e  best f i t  a t  low p a i r  energ ies  
(norm alized  t o  uncorrected experim ental r e s u l t s ) ,  a re  a ls o  l is te d  in 
th e  Tab les .
A comparison o f  th e  experim ental r e s u l ts  w ith  th e  th e o r e t ic a l  
re s u l ts  f o r  spin o n e -h a l f  in c id e n t  p a r t i c l e s  (w ith  pion mass, 16 BeV 
energy) w i l l  not be made. Bhabha's r e s u l t  Is  p lo t te d  along w ith  the  
experim ental re s u l ts  in F ig ure  45 , w ith  Og = I , a* = I and In F igure  
46 , w ith  Gg = 6 , o ' = I t o  g iv e  a good f i t  a t  low e n e rg ie s .  The 
number o f  p a irs  p red ic ted  by M u ro ta 's  cross sec tion  is  superposed on 
th e  experim ental r e s u l ts  In F igures  47 and 48 , w ith  th e  v a r ia b le  
o^ = I and o^ 2 .1 ,  r e s p e c t iv e ly ,  o^ = 2.1 g ives  good agreement 
a t  low e n e rg ie s .  In F igure  49 th e  experim ental r e s u l ts  a re  p lo t te d  
with  th e  r e s u l ts  p red ic ted  by Zapo lsky 's  cross s ec t io n  superposed.
No a d ju s ta b le  parameter was g iven in t h i s  c a lc u la t io n .
The t o t a l  numbers o f  p a i r s  p re d ic te d  by these c a lc u la t io n s ,  
along w ith  th e  experimental r e s u l ts  f o r  d i f f e r e n t  lower c u t o f f  
energ ies  a re  a lso  l is t e d  In Tables 4 and 5 .  Corresponding mean f r e e  
paths Ik )  and to t a l  cross section s  a re  l i s t e d .
R esu lts  o f Previous Experiments
S im i la r  experiments con s id ering  p a i r  production  by high 
energy pions have been attempted b e f o r e ^ T h e  r e s u l ts  o f  these  
experiments g ive  agreement, w ith in  experim ental and s t a t i s t i c a l  e r r o r .
NO
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F i g .  4 5 .  D i s t r i b u t i o n  o f  t h e  t o t a l  n u m b e r  o f  e l e c t r o n  p a i r s  p e r  2 0  MeV t o t a l  p a i r  e n e r g y  f o u d d  i n  9 0 2 . 7  m . o f
t r a c k ,  w i t h  t h e  n u m b e r  a s  p r e d i c t e d  b y  B h a b h a  s u p e r p o s e d  ( U g  =  I ) .
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F i g .  4 6 .  D i s t r i b u t i o n  o f  t h e  t o t a l  n u m b e r  o f  e l e c t r o n  p a i r s  p e r  2 0  MeV t o t a l  p a i r  e n e r g y  f o u n d  i n  9 0 2 . 7  m. o f
t r a c k  w i t h  t h e  t h e o r e t i c a l  r e s u l t s  o f  B h a b h a ,  n o r m a l i z e d  t o  f i t  a t  lo w  e n e r g i e s ,  s u p e r p o s e d  ( O g  =  6 ) .
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F i g .  4 7 .  D i s t r i b u t i o n  o f  t h e  t o t a l  n u m b e r  o f  e l e c t r o n  p a i r s  p e r  2 0  M eV t o t a l  p a i r  e n e r g y  f o u n d  I n  9 0 2 . 7  m . o f
t r a c k  w i t h  t h e  n u m b e r  p r e d i c t e d  b y  M u r o t a  s u p e r p o s e d  ( =  I ) .
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ELECTRON PAIR DISTRIBUTION
BROKEN LINE -  EXPERIMENT
CRQSSHATCHED -  MUROTA (NORMALIZED,a = 2 .1 )
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F i g .  4 8 .  D i s t r i b u t i o n  o f  t h e  t o t a l  n u m b e r  o f  e l e c t r o n  p a i r s  p e r  2 0  M eV t o t a l  p a i r  e n e r g y  f o u n d  I n  9 0 2 . 7  m. o f
t r a c k ,  w i t h  t h e  t h e o r e t i c a l  r e s u l t  o f  M u r o t a ,  n o r m a l i z e d  t o  f i t  a t  lo w  e n e r g i e s ,  s u p e r p o s e d  ( < ^ =  2 . 1 )
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ELECTRON PAIR DISTRIBUTION 
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F i g .  4 9 .  D i s t r i b u t i o n  o f  t h e  t o t a l  n u m b e r  o f  e l e c t r o n  p a i r s  p e r  2 0  MeV t o t a l  p a i r  e n e r g y  f o u n d  i n  9 0 2 . 7  m. o f
t r a c k ,  w i t h  t h e  n u m b e r  p r e d i c t e d  b y  Z a p o l s k y  s u p e r p o s e d .
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th e  cross s e c t io n  fo  r  th e  d i r e c t  production  o f  high energy e le c t ro n  
p a ir s  as ob ta ined  t h e o r e t i c a l l y  by T e rn o v s k i i ,  e x p la in in g  why the  
th e o ry  has been accepted as c o r re c t  to  t h i s  p o in t .  In F igu res  50 
and 51 a re  g iven  th e  r e s u l t s  o f  Evans e t  £j_, obta ined  in scanning a 
t o t a l  o f  393 m. o f  16 BeV pion t r a c k  in em ulsion, w ith  th e  t h e o r e t i ­
c a l l y  expected r e s u l t s  superposed (c ro ssh a tch ed ) .  C u to f fs  o f  I: ~
K = 10 MeV and K = 20 MeV a re  used in these F ig u res . The va lu e  fo r  
y^ .^  as suggested by T e rn o vsk ii  (D = I )  was used in t h é s e 'F ig u re s ," a s  
w ell as by Evans e t  " making th e  th e o r e t ic a l  comparison. In 
F ig u re  52 a re  g iven th e  r e s u l ts  o f  Mora, f o r  a t o t a l  o f  2 4 4 .5  m. o f  
16 BeV pion t r a c k ,  again  w ith  th e  r e s u l ts  as p red ic ted  by T e rn o vsk ii  
superposed. I t  should be noted t h a t  th e  r e s u l t s  o f  these  two e x p e r i ­
ments a re  s im i l a r ,  having e s s e n t i a l l y  a l l  o f  th e  in te ra c t io n s  w ith  
t o t a l  energy less than 100 MeV.
The t o t a l  cross sec tio ns  f o r  th e  production  o f  e le c t r o n  p a irs  
as o bta ined  by Evans and by Mora, co n s id er in g  d i f f e r e n t  va lu es  o f  th e  
c u t o f f  energy, a re  l i s t e d  in Tab le  6 . The t o t a l  cross s ec t io n s  f o r  
v ar io u s  energy in t e r v a ls  a re  a ls o  l i s t e d .  Corresponding t h e o r e t ic a l  
r e s u l t s  as p re d ic te d  by Te rn o vsk ii  and experim ental r e s u l t s  found in 
th e  present experim ent, a re  a ls o  g iven  in th è lT a b le .  The corresponding  
mean f r e e  paths a re  ta b u la te d .  The va lue  o f  used in t h i s  work
is 2 1 .4 2 ,  whereas th e  va lu e  used by Evans and Mora was 2 2 .1 .  This  
causes =6.5% d i f f e r e n c e  in th e  t h e o r e t ic a l  p re d ic t io n s  s ince  th e  cross  
s e c t io n  is p ro p o rt io n a l  to
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F ig . 5 0 . Number of pairs predicted by Ternovskii per 20 MeV In te rv a l, c u to ff a t K = 10 MeV, superposed
on the experimental resu lts  o f Evans e t  £j_ , found using 393 m. o f 16 BeV plon tra c k  In emulsion.
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Fig . 51 . Number o f pairs  predicted by Ternovskii per 20 MeV in te rv a l, cu to ff a t K = 20 MeV, superposed 
on the experimental resu lts  o f Evans e t a i ,  fo r  393 m. o f 16 BeV pion tra c k  in emulsion.
LM0\
CROSSHATCHE  ^ -  TERNOVSKII 
DASHED LINE -  MORA 
(244 .5  m.)
K>IO MeVcn
LU 
11. 6
LU
Z
410330 370250 290130 170
TOTAL PAIR ENERGY (MeV)
210
F ig . 52. D is tr ib u tio n  of the number o f pa irs  per 20 MeV In te rv a l found by Mora In 244.5 m. o f 
tra c k s , w ith the number predicted by Ternovskii ewperposed.
T a b l e  6 . C o m p a r i s o n  o f  t h e  p r e s e n t  e x p e r i m e n t  w i t h  t h e  p r e v i o u s  e x p e r i m e n t s  a n d  t h e o r y .
P a i r  E n e r g y  
I n t e r v a l  (M eV)
T e r n o v s k i i
X a N
E v a n s  
( 3 9 3  m . )
X a N
M o r a  
( 2 4 4 . 5  m.
X
)
a
P r e s e n t  E x p e r i m e n t  
( 9 0 2 . 7  m . )
N X a
1 0 - 1 0 0 0 1 2 . 2 1 0 . 4 47 ' 8 . 4  ± 1 . 2 1 5 . 1 ± 2 . 2 23 1 0 . 6 ±  2 . 2 1 2 . 0 ± 2 . 5 99 9 . 1 ±  . 9 1 3 . 9 ± 1 . 4
2 0 - 1 0 0 0 1 7 . 3 7 . 3 40 9 . 8  ± 1 . 6 1 2 . 9 ± 2 . 1 90 1 0 . 0 ± 1 . 1 1 2 . 7 ± 1 . 4
3 0 - 1 0 0 0 2 2 . 9 5 . 5 31 1 2 . 7  ± 2 . 3 1 0 . 0 ± 1 . 8 14 1 7 . 5 ±  4 . 7 7 . 2 Ü  .9 75 1 2 . 0 ± 1 . 4 1 0 . 6 ± 1 . 2
4 0 - 1 0 0 0 2 9 . 2 4 . 3 24 1 6 . 4  ± 3 . 3 7 . 7 ± 1 . 6 63 1 4 . 3 ± 1 . 8 8 . 9 ± 1 . 1
5 0 - 1 0 0 0 3 6 . 2 3 . 5 23 1 7 . 1  ±  3 . 6 7 . 4 ± 1 . 6 5 4 8 . 9 ± 2 1 . 9 2 . 6 ± 1 . 2 58 1 5 . 6 ± 2 . 0 8 . 1 ± 1 . 0
6 0 - 1 0 0 0 4 3 . 8 2 . 9 21 1 8 . 7  ± 4 . 1 6 . 9 ± 1 . 5 51 1 7 . 7 ± 2 . 5 7 . 2 ± 1 . 0
8 0 - 1 0 0 0 6 1 . 4 2 . 1 10 3 9 . 3  ± 1 2 . 4 3 . 2 ± 1 . 0 38 2 3 . 8 ± 3 . 9 5 , 3 ±  . 8 :
1 0 0 - 1 0 0 0 8 2 . 4 1 . 5 6 6 5 . 5  ± 2 6 . 7 1 . 9 ±  . 8 2 1 2 2 . 3 ± 8 6 . 4 1 . 0 ±  . 7 31 2 9 i l ± 5 . 2 4 . 4 +  . 8
1 2 0 - 1 0 0 0 1 0 6 . 7 1 . 2 6 6 5 . 5  ± 2 6 . 7 1 . 9 ±  . 8 27 3 3 . 4 ± 6 . 4 3 . 9 ±  . 7
1 4 0 - 1 0 0 0 1 3 4 . 9 . 9 4 4 9 8 . 2 5 ± 4 9 . 1 1 . 3 ±  . 6 24 3 7 . 6 ± 7 . 7 3 . 4 ±  . 7
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Conclusions
The experim ental r e s u l t  f o r  the  t o t a l  cross sec tio n  f o r  the  
production o f  e le c t ro n  p a irs  is th  disagreement w ith  th e  th e o r e t ic a l  
p re d ic t io n s .  At low en erg ies  (<60 MeV t o t a l  p a i r  energy) theory  and 
experim ent ag ree , w i th in  s t a t i s t i c a l  e r r o r .  The d iscrepancy between 
p re d ic te d  and experim enta l r e s u l t s  increases as th e  t o t a l  p a i r  energy 
increases and becomes p a r t i c u l a r l y  la rge  a t  high e n e rg ie s .
Of a l l  th e  th e o r e t ic a l  c a lc u la t io n s  cons idered , T e r n o v s k i i 's  
r e s u l t  fo r  p a i r  production  by high energy charged spin 0  p a r t ic le s  
agrees best w ith  t h i s  experim ent over th e  e n t i r e  range o f  p a i r  energ ies  
considered . The second typ e  cross sec tio n  o f  T e rn o v s k i i ,  a^, g ives  
good agreement w ith  experim ent in region i ( K « 6 0  MeV) as d e fined  by 
T e rn o v s k i i ,  where i t  is  expected to  make th e  main cross s e c t io n  con­
t r i b u t i o n  (F ig u res  42 , 43 , and 4 4 ) .  in region i i  ( K » 6 0  MeV), con­
t in u e s  to  make the  main c o n t r ib u t io n  to  th e  cross s e c t io n  f o r  a l l  
en erg ies  o f  in t e r e s t ,  and remain n e g l ig ib le  r e l a t i v e  to  
over th e  e n t i r e  energy range considered . Between regions I and I I  is  
the  most in te r e s t in g  energy region e x p e r im e n ta l ly .  I t  is t h i s  reg ion  
where experim ent and theory  d isagree  most s t ro n g ly ,  as can be seen in 
Figures  42, 43 , and 44 and in Tables 4 and 5.
As can be seen in these ta b le s ,  th e re  is reasonable  agreement 
between T e r n o v s k i i 's  unnormalized r e s u l t  and experim ent between 20 and 
60 MeV t o t a l  p a i r  e n e rg ie s .  Above 60 MeV th e re  is a increas ing  
f r a c t io n a l  d iscrepancy w ith  increasing K. The experim ental t o t a l  
cross s e c t io n  is ap prox im ate ly  a fa c to r  o f  th re e  la rg e r  than the
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th e o r e t ic a l  r e s u l ts  f o r  K>80 MeV. N o rm a liza t io n  o f  t h i s  th e o r e t ic a l  
r e s u l t  (D = 1 .48 ) to  g iv e  a good f i t  a t  low energ ies  (F ig u re  44) im­
proves experim ental agreement between 20 and 60 MeV, as is expected,  
but th e  disagreement a t  h ig h er  energ ies  is  la r g e ly  unchanged. Due to  
th e  nature  o f  th e  lo g a r ith m ic  term in which th e  n o rm a liza t io n  fa c t o r  
occurs , n o rm a liz a t io n  has a decreasing f r a c t io n a l  e f f e c t  as K increases.  
I t  would be p o ss ib le  to  norm alize  th e  th e o r e t ic a l  r e s u l ts  to  g iv e  good 
agreement a t  a h ig her energy in t e r v a l ,  but t h i s  would cause th e  
th e o r e t ic a l  cross s e c t io n  t o  be very much la rg e r  than experim ent a t  low 
en erg ies  where th e  th eo ry  is  expected t o  be most r e l i a b l e .  I t  should  
be noted again  t h a t  T e rn o vsk ii  does not a c t u a l l y  include th e  p o s s ib i l ­
i t y  o f  normal i z a t io n ,  a lthough h is  arguments do not exclude th e  poss i­
b i l i t y  o f  such n o rm a l iz a t io n .
I t  is  in t e r e s t in g  t o  note t h a t  th e  ra te s  o f  decrease o f  
and a re  more comparable to  t h e  experim ental I y observed r a t e  o f  de­
crease o f  th e  cross s e c t io n  than is t h a t  o f  a . I t  is poss ib le  t h a to
cross sec t io n  c o n t r ib u t io n s  from cross terms between th e  a and th eo
Oj and m a tr ix  elements would be im portant in th e  lower energy r e ­
gion where th eory  and experim ent d is a g re e .  Such cross terms have 
not been considered due t o  extreme c a lc u ia t io n a l  d i f f i c u l t i e s .
The cross s e c t io n  c a lc u la t io n  o f  Murota e t  f o r  p a i r  pro ­
du ction  by spin o n e -h a l f  charged p a r t i c l e s  is  q u i t e  s im i la r  in shape 
to  t h a t  o f  T e r n o v s k i i ,  but i t  is s l i g h t l y  sm a lle r  over the  e n t i r e  
energy region o f  in t e r e s t  (F ig u res  42 and 4 7 ) .  However, t h i s  r e s u l t  
includes an a r b i t r a r y  constan t t o  be determined by experim ent but
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whfch is thought to  be app rox im ate ly  u n i t y .  As a r e s u l t ,  t h i s  cross  
sec t io n  can be made la r g e r  o r  s m a lle r  and is  thus not n e c e s s a r i ly  
d i f f e r e n t  from t h a t  o f  T e r n o v s k i i .  T h is  co nstan t occurs in a term  
q u i t e  s im i l a r  t o  th e  term in T e r n o v s k i i ’ s r e s u l t  in which th e  normal­
iz in g  con stan t D was in s e r te d .  I t  should be noted again  t h a t  th e  re ­
s u l ts  f o r  spin o n e -h a l f  p a r t i c l e s  a re  expected t o  g iv e  r e l i a b l e  p re ­
d ic t io n s  f o r  spin 0  in c id e n t  p a r t i c l e s  s in ce  th e  numerical cross  
sec t io n s  f o r  sp in  0  and spin o n e -h a l f  p a r t i c l e s  a re  c a lc u a l te d  by 
Tern o v s k i i  a re  id e n t ic a l  except a t  very low p a i r  en erg ies  (<<20 MeV). 
Murota £ t  £j_ c la im  v a l i d i t y  f o r  t h i s  c a lc u la t io n  in any energy re ­
g ion where th e  en erg ies  6 f  th e  p a r t i c ip a t in g  p a r t i c l e s  a re  a l l  ex­
t re m e ly  r e l a t i v i s t i c .  Thus, t h i s  r e s u l t  should be v a l id  o ver  the  
e n t i r e  reg ion  o f  in t e r e s t  in t h i s  work i f  th e  c a lc u la t io n  is  c o r r e c t .  
As can be seen from F igures  47 and 48 , th e  unnormalized (a^  = I )  r e ­
s u l t  g ives  a cross s e c t io n  which is  lower than th e  experim enta l one 
over th e  e n t i r e  energy re g io n ,  but th e  norm alized (a^  = 2 . 1 ) r e s u l t  
g ives  a f i t  q u i te  s im i l a r  to  t h a t  o f  th e  T e rn o v s k i i  r e s u l t .  Tables  
4 and 5 show th e  d i f fe r e n c e s  in th e  t o t a l  cross sec t io n s  f o r  d i f f e r e n t  
energy in t e r v a ls  as p re d ic te d  by Murota e t  aj_, and as determined ex­
p e r im e n ta l ly .  Again th e re  is ap prox im ate ly  a f a c t o r  o f  th r e e  d i f ­
fe ren ce  a t  energ ies  >80 MeV. The norm alized r e s u l ts  o f  Murota e t  a l ,  
arid o f  T erno vsk ii  a re  seen to  g ive  almost th e  same r e s u l t s .
Bhabha’ s cross s e c t io n  f o r  sp in  o n e -h a l f  p rim ary p a r t i c l e s  
is  much s m a lle r  than th e  experim ental r e s u l t s  a t  a l l  en erg ies  >40 MeV, 
as is  seen from F igu res  45 and 46. The norm alized cross s ec t io n
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(Og = 6 , a '  = I )  g iv e s  agreement o n ly  in th e  energy in te rv a l  used f o r  
norma I i  zatd on .
The cross se c t io n  r e s u l t  o f  Zapolsky (F ig u re  49 ) g ives  no 
agreement w ith  experim ent.
I t  is o f  in t e r e s t  to  compare th e  re s u l ts  o f t h i s  experim ent  
w ith  those o f  the  o th e r  two experim ents which used high energy nega­
t i v e  p ions. A l l  th re e  were c a r r ie d  ou t in em ulsion. The f i r s t  such
( 15)
experim ent was by Evans e t  £j_. using 393 m. o f  16.2 BeV pion t r a c k .  
Mora^*^^ l a t e r  performed a s im i l a r  experim ent using 2 4 4 .5  m. o f  16.2  
BeV pion t r a c k .  Both employed a lower c u t o f f  o f  10 MeV t o t a l  p a i r  
energy. As is mentioned above, i t  is  f e l t  t h a t  th e  cross s e c t io n  re ­
s u l ts  in th e  presen t experim ent a r e n ' t  good below K = 20 MeV. The 
same reasoning probably  a p p l ie s  t o  th e  o th e r  two experim ents s ince  
Evans e t  aj_ found fewer p a i r s  between 10 and 20 MeV than between 20 
and 30 MeV. N e v e rth e le s s ,  comparison w i l l  be made using t h i s  10 MeV 
c u t o f f  as w ell as h ig h er c u t o f f s .  The r e s u l t s  o f  Evans £ t  aj_ and o f  
Mora a re  g iven  in F igures 50 , 51 , and 52, where they  a re  compared to  
th e  unnormalized r e s u l t s  o f  T e rn o v s k i i .  Tab le  6  l i s t s  th e  experim ent­
al mean f r e e  paths and cross s ec t io n s  f o r  a l l  th re e  experim ents , along  
w ith  th e  p re d ic te d  mean f r e e  paths o f  Murota £ t  £]_. and o f  T e rn o v s k i i .  
From t h i s  t a b le  i t  is  seen t h a t  th e  mean f r e e  paths fo r  K=IO MeV are  
comparable f o r  a l l  th re e  experim ents . However, c o n s id erab le  d i f fe re n c e s
occur a t  la r g e r  va lues o f  K . . Most o f  th e  events found by Evans e t  a l ,min ----------
and by Mora seem t o  c lu s t e r  below K = 100 MeV. The r e s u l t s  o f  the  
present experim ent show no such tendency.
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R esu lts  o f  t h is  experiment may be in e r r o r  due to  system atic  
e r ro rs  in energy measurement. As was discussed above, c a re fu l  ana­
ly s is  o f p o ss ib le  e r ro rs  and methods o f  energy measurement im plied  
t h a t  th e re  is  a la rge  p r o b a b i l i t y  f o r  having measured en erg ies  o f  
e le c tro n s  to  be w ith in  the  e r r o r  l im i t s  o f  o r  below t h e i r  actua l
en erg ies . A l l  energ ies  were a ls o  c a lc u la te d  using a d i f f e r e n t  s c a t -
( 2 2 )te r in g  equation  as given by Barkas , w ith  comparable r e s u l t s .  Great  
care  was taken in assuring th e  r e l i a b i f i t y  o f  energy measurements.
Th is  tendency toward measured energ ies  being lower than the  actual  
energ ies  produces b e t te r  agreement between th eory  and experim ent than  
would be obta ined  i f  th e  en erg ies  were increased. Thus, th e re  is a 
p o s s ib i l i t y  t h a t  th e  discrepancy between theory  and experiment ihown 
aboVe should be la rg e r .  i : ' ! "
The scanning e f f i c ie n c y  c o r re c t io n s  produce an even la rg e r  
discrepancy between theo ry  and experim ent. Experimental r e s u l ts ,  
corrected  f o r  83$ scanning e f f i c ie n c y  and 3$ e r r o r  from co incidence  
p a i r  e f f e c t s ,  a re  g iven  in F igure  43 where they a re  compared t o  the  
unnormalized re s u l ts  o f  T e rn o v s k i i .
These re s u l ts  in d ic a te  a d e f i n i t e  need fo r  a b e t t e r  th e o re ­
t i c a l  c a lc u la t io n  o f  the  cross sec tio n  f o r  p a i r  production by charged 
p a r t ic le s .  Such a c a lc u la t io n  should be made s t a r t in g  from f i r s t  
p r in c ip le s ,  w ith  on ly  necessary approxim ations being made. The ap­
proxim ations must be v a l id  in the  e n t i r e  energy region o f  in t e r e s t .  
Both types o f  Feynman diagrams (A + A' and B + B' in F igure  19 ) ,  as 
well as cross teems between these diagrams, should be considered .
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Only when a more r e l i a b l e  t h e o r e t ic a l  c a lc u la t io n  is made can these  
r e s u l t s ,  o r  those o f  any o th e r  charged p a r t i c l e  -  p a i r  production  
experim ent, be used t o  say anyth ing fundamental about the  v a l i d i t y  
o f quantum electrodynam ics a t  ex trem ely  r e l a t i v i s t i c  energ ies  such 
as a re  involved in t h i s  experim ent.
A l l  th e o r e t ic a l  c a lc u la t io n s  o f  th e  p a i r  production cross  
section  t o  date  use assumptions about a n g u la r  d e f le c t io n  o f  th e  p r i ­
mary p a r t i c l e ,  angles o f  emission o f  th e  p a i r  p a r t i c l e s ,  and t r a n s ­
verse momenta o f  th e  p a r t i c l e s  invo lved . The c o o rd in a te  systems 
used in c a lc u la t io n s  f re q u e n t ly  in vo lve  unmeasurable angles and 
tran svers e  momenta. The experim ental d is t r ib u t io n s  o f  these q u a n t i ­
t i e s ,  r e l a t i v e  to  th e  in c id e n t  p ion , a re  g iven  in F igures 34, 35,  
and 53 ( la b  system ). In o rd e r  f o r  these experim ental re s u l ts  to  be 
o f  ass is tance  in making th e o r e t ic a l  approx im ations , i t  w i l l  be 
necessary to  make c a lc u la t io n s  in c o o rd in a te  systems simply re la te d  
to  th e  lab system. Such approxim ations w i l l  probably always be 
made in any such c a lc u la t io n  due to  the  extreme com plex ity  o f  the  
t a s k .
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F ig . 5 3 . D is tr ib u tio n  of transverse momenta o f secondary p a ir  e lectrons and positrons per 0 ,5  MeV,
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